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Abstract 

Using our results in [15], we provided existence theorems for the general classes of nonlinear 
evolutions. Finally, we give examples of applications of our results to parabolic, hyperbolic, 
Shrodinger, Navier-Stokes and other time-dependent systems of equations. 

1 Introduction 

Let V be a reflexive Banach space. Consider the following evolutional initial value problem: 

(1.1) 



i{l-u{t)}+At{u{t))^0 in (0,ro), 



[l-u{0)=vo. 

Here / : V — > X* {X* is the space dual to V) is a fixed bounded linear inclusion operator, which we 
assume to be self-adjoint and strictly positive, u{t) G L''((0, Tq); V) is an unknown function, such 
tha,t I- u{t) £ TVi'P((0,ro); V*) (where /-/i S X* is the value of the operator I at the point h e X), 
Af(x) : V ^> V* is a fixed nonlinear mapping, considered for every fixed t G (0,To), and vq £ X* 
is a fixed initial value. The most trivial variational principle related to (jl.ip is the following one. 
Consider some convex function r(y) : X* — > [0, +oo), such that r{y) = if and only if y = 0. Next 
define the following energy functional 

MO) ■■= £"r(^j^{i-uit)} + A,{u{t))yt 

Vu(i) e L«((0,ro); V) s.t. I ■ u{t) £ W^ p {{0,Toy, X*) and I ■ u{0) ^ vq ■ (1.2) 

Then it is obvious that u{t) will be a solution to (|l.ll) if and only if Eo(u{-)) = 0. Moreover, the 
solution to (|l.ip will exist if and only if there exists a minimizer Mo(i) of the energy Eq(-), which 
satisfies i?o(uo(')) — 0- 

We have the following generalization of this variational principle. Let 4't(x) : X — > [0, +oo) 
be some convex Gateux differentiable function, considered for every fixed t £ (0, To) and such that 
^t(O) = 0. Next define the Legendre transform of "ift by 

^;{y) := sup {{z,y) -^t{z) : Z£X} Vy G V* . (1.3) 

It is well known that '^'tiv) ■ — > K is a convex function and 

^tix) + ^Uy) > {^^y)xxx' yx£X,y£X\ (1.4) 
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with equality if and only if y = £'^'t(x). Next for A G {0, 1} define the energy 

Ex{u) :^ J|*,(A^.(<))+*:(^-|{/.,i(t)}-A,(«(t)))+A^«(t),|{/.^.(t)}+A,(«(t))^ ]dt 

Vu(t) e L«((0,ro);A:) s.t. I -uit) eW^'P{{0,TQ);X*) and / • u(0) = i^o- (1.5) 
Then, by (jl.4p we have -Ea( ■ ) > and moreover, Ex{u{-)) = if and only if u{t) is a solution to 

f^{l-u{t)}+At{uit))+D^t{\uit))^0 in (CTo), 
/ • w(0) = vo 

(note here that since \l/t(0) = 0, in the case A = (I1.6P coincides with (ll.ip . Moreover, if A = then 
the energy defined in ()1.2p is a particular case of the energy in (jl.Sp . where we take r(a;) := 5'*(— z) ). 
So, as before, a solution to ()1.6p exists if and only if there exists a minimizer uo{t) of the energy 
Ex{-), which satisfies Ex{uo{-)) — 0. Consequently, in order to establish the existence of solution to 
(|1.6p we need to answer the following questions: 

(a) Does a minimizer to the energy in (jl.Sp exist? 

(b) Does the minimizer uo{t) of the corresponding energy Ex{-) satisfies Ex{ua{-)) = 0? 

To the best of our knowledge, the energy in (|1.5p with A = 1, related to (|1.6p . was first considered 
for the heat equation and other types of evolutions by Brezis and Ekeland in [1 . In that work they 
also first asked question (b): If we don't know a priori that a solution of the equation (I1.6P exists, 
how to prove that the minimum of the corresponding energy is zero. This question was asked even 
for very simple PDE's like the heat equation. A detailed investigation of the energy of type (|1.5p . 
with A = 1, was done in a series of works of N. Ghoussoub and his coauthors, see the book [7] and 
also [8], [9], [To], [11] . In these works they considered a similar variational principle, not only for 
evolutions but also for some other classes of equations. They proved some theoretical results about 
general self-dual variational principles, which in many cases, can provide the answer to questions 

(a) -l-(b) together and, consequently, to prove existence of solution for the related equations (see 
[7] for details). In [TH] we provide an alternative approach to the questions (a) and (b). We treat 
them separately and in particular, for question (b), we derive the main information by studying 
the Euler-Lagrange equations for the corresponding energy. To our knowledge, such an approach 
was first considered in I14j , and provided there an alternative proof of existence of solution for some 
initial value problems of parabolic systems. Generalizing this method, we provide in jl5| with the 
answer to questions (a) and (b) for some wide classes of evolutions. In particular, regarding question 

(b) , we are able to prove that in some general cases not only the minimizer but also any critical 
point uo{t) (i.e. any solution of corresponding Euler-Lagrange equation) satisfies Ex(uo{-)) — 0, i.e. 
is a solution to ()1.6p . 

We can rewrite the definition of Ex in (jl.Sp as follows. Since J is a self-adjoint and strictly positive 
operator, there exists a Hilbert space H and an injective bounded linear operator T : X ^ H, whose 
image is dense in H, such that if we consider the linear operator T : H ^ X* , defined by the formula 

{^^T ■ y) xxX' ' ^^y) HxH for every e iJ and X e X , (1.7) 

then we will have T oT = I, see Lemma [2?5] for details. We call {X, H, X*} an evolution triple with 
the corresponding inclusion operators T : X ^ H and T : H ^ X* . Thus, if -yo = T ■ wq, for some 
wq H and p — q* := q/ (g — 1), where q > 1, then we have 
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(see Lemma [2.61 for details) and therefore, 



Ex{u) = J{u) := 

^ ' 

Vu(i) e L«((0,To);X) s.t. I ■ u{t) e W^^'^' {{0,To); X*) and / • u(0) = T • (1.8) 

Our first main result in 15_ provides the answer for question (b), under some coercivity and 
growth conditions on and At: 

Theorem 1.1. Let {X, X*} be an evolution triple with the corresponding inclusion linear oper- 
ators T : X H , which we assume to he injective and having dense image in H . T : H ^ X* be 
defined by ^1^) and I -.^ T o T : X ^ X* . Next let X e {0, 1}, q > 2, p ^ q* := q/{q - 1) and 
Wq £ H. Furthermore, for every t G [0,To] let ^t(a;) : X — > [0,+cx3) be a strictly convex function 
which is Gateaux differentiable at every x £ X , satisfying 4'f(0) — and the condition 

{l/Co)\\x\\l,-Co<'^t{x)<Co\\x\\j,+Co yxeX,yte[0,To], (1.9) 

for some Co > 0. We also assume that 5'f(a;) is a Borel function of its variables {x,t). Next, for 
every t G [OjTo] let Af(x) : X X* be a function which is Gateaux differentiable at every x G X, 
s.t. Ai(0) G ((0,ro);X*) and the derivative of Kt satisfies the growth condition 

\\DKt{x)\\a.X;X') < 9{\\T ■ x\\h) (||x||«,-Vi) Vx g X, Vt G [0,ro], (1.10) 

for some non- decreasing function g{s) : [0 + oo) — !> (0, +cxd). We also assume that At{x) is strongly 
Borel on the pair of variables {x,t) (see Definition \2.2\) . As.sume also that and At satisfy the 
following monotonicity condition 

h,x{D-^t{Xx + h)-D^t{Xx)}+DAt{x)-h\ > -g{\\T ■ x\\„) (\\x\\'x + Kt)) \\T ■ h\\% 



XxX* 



yx,hiEX,yte[o,To], (1.11) 



for some non- decreasing function g{s) : [0 + oo) — >■ (0, +oo) and some nonnegative function pL{t) G 
ii((0,To);]R). Consider the set 

TZg := [u{t) G L^dO, To); X) : I ■ u{t) G W''^' ((0, To); X*) } , (1.12) 

and the minimization problem 

inf I J(m) : u{t) G TZq s.t I ■ u{0) = f • luo} , (1-13) 

where J{u) is defined by (jl.Sp . Then for every u G TZq such that I ■ m(0) = T ■ Wq and for arbitrary 
function hit) G TZq, such that l-h{0) — 0, the finite limit lim (^ J{u-^ sh) ^ J{u))/s exists. Moreover, 

for every .such u the following four statements are equivalent: 

(1) u is a critical point of (I1.13p . i.e., for any function h{t) G TZq, such that I ■ h{0) = we have 

^^Jiu + sh)-J{u) (1.14) 

s-^O s 

(2) u is a minimizer to (jl.l3p . 

(3) J{u) = 0. 
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(4) u is a solution to 



I •"(*)}+ At H^))+D*,(A^i(^))=0 m{0,n), ^^^^^ 
1 / • u(0) = T ■ Wo- 

Finally there exists at most one function u G TZq which satisfies (jl.lSp . 

Remark 1.1. Assume that, instead of (jl.lip . one requires that and Kt satisfy the foUowing 
inequahty 



h,\^D^t{>^x + h) -D^ti^x)^ +DAt{x) - h ^ 

-g{\\T-x\\H) ■ {\\x\\\+tJ^{t))''^'''''^ ■\\hf^-\\T-h\\^^-''-^ \/x,heX, \/te[a,b] 



mT-x\\H) 



(1.16) 



for some non-decreasing function g(s) : [0 + oo) — > (0,+oo), some nonnegative function G 
i^((0,To);R) and some constant r G (0,2). Then pTTT]) foUows by the trivial inequahty (r/2)a^ + 
((2-r)/2) fe2 >a^62-r_ 

Our first resuh in |15] about the existence of minimizer for J(u) is the fohowing Proposition: 

Proposition 1.1. Assume that {X, H, X*}, T,T,I, X,q^p, ^I^t and At satisfy all the conditions of 
Theorem \1.1\ together with the assumption A = 1. Moreover, assume that and At satisfy the 
following positivity condition 



vl/,(a;) + (a;,A,(x))^^^^ >i||x||^-C(l|x||5, + l)(||r-x||g-^^ + l)-M0 Vx G A, VtG [CTo], 

(1.17) 



where r G [0,2) and C > are some constants and ii{t) G L^((0,ro);M) is some nonnegative 
function. Furthermore, assume that 

At{x) ^ At{S ■ x) + Qtix) VxG A, V<G [0,ro], (1.18) 

where Z is a Banach space, S : X Z is a compact operator and for every t G [0, Tq] At{z) : Z — > X* 
is a function which is strongly Borel on the pair of variables {z,t) and Gateaux differentiable at every 
z € Z, &tix) '■ X X* is strongly Borel on the pair of variables {x,t) and Gateaux differentiable 
at every x £ X, 0t(O), At(0) G L'' (^{0,Tq); X*) and the derivatives of At and Qt satisfy the growth 
condition 

\\D'dt{x)\\c{X;X') + \\DAtiS-x)\\ciz-X')<g{\\T-x\\) (||x||^-Vl) yxeX, VtG [0,ro] (1.19) 

for some nondecreasing function g(s) : [0,+oo) (0 + oo). Next assume that for every sequence 
{xn{t)}^'^i C L'((0, To); a) such that the sequence {/•a;„(t)} is bounded in W^''^ ((0,To); A*) and 
Xn{t) x{t) weakly in L"^ (^{0,Tq); X^ we have 

• Qt{xn{t)) ~- Qt{x{t)) weakly m L?* ((0, Tq); A*) , 

• lim„^+oo/o'''(^nW,e,K(t))) dt>/J«(x(t),e,(x(t))) dt. 

Finally let wq H be such that wq = T ■ uq for some Uq € X , or more generally, Wq £ H be such 
that Awg '■— {'u S T^q '■ I ■ — T ■ Wq] ^0- Then there exists a minimizer to (|1.13p . 



As a consequence of Theorem 11.11 and Proposition 11.11 we have the following Corollary. 
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Corollary 1.1. Assume that we are in the settings of Provosition [7771 Then there exists a unique 
solution u(t) G TZq to 

iMl-u{t)l + At{u{t))+D^t{u{t))=0 *n (0,ro), 

[I ■u{0)^T -Wo. ■ 

In this paper using Corollary [TTT] as a basis, by the appropriate approximation, we obtain further 
existence Theorems, under much weaker assumption on coercivity and compactness. The first The- 
orem improves the existence part of Corollary 11.11 (see Theorem 13.21 as an equivalent formulation 
and Theorem 13.31 as an important particular case). 

Theorem 1.2. Let q >2 and {X, H, X*} be an evolution triple with the corresponding inclusion 
linear operators T : X — > H, which we assume to be injective and having dense image in H , 
T : H ^ X* , defined by ()1.7|) . and I := T o T : X ^ X* . Assume also that the Banach space X is 
separable. Furthermore, for every t G [0,ro] let '^tix) ■ X — > [0,+cx3) be a convex function which is 
Gateaux differentiable at every x G X, satisfies 5'f(0) — and satisfies the growth condition 

0<^t{x) <C\\x\\'i^ + C Vx e X, e [0,To] , (1.21) 

for some C > 0. We also assume that VE't(a;) is Borel on the pair of variables {x, t). Furthermore, for 
every t G [0,To] let At{x) : X — > X* be a function which is Gateaux differentiable at every x G X, 
Af(0) G ((0,To);X*) and the derivative of At satisfies the growth condition 

\\DAt{x)\\ciX;X-^)<9{\\T-x\\H) (||x||«,-Vl) Vx G X, Vt G [0,ro], (1.22) 

for some nondecreasing function g{s) : [0,+cxd) — > (0,+oo). We also assume that At{x) is Borel 
on the pair of variables {x,t). Assume also that At and satisfy the following monotonicity and 
positivity conditions 

(h,\D'ft{x + h)-D'ft{x)}+DAt{x)-h) > 

\ ^ ^ I XxX" 

-9{\\T- x\\h) ■ {Wx^x + Kt)) • \\h\rx ■ \\T ■ hw^t"-^ yxex,yhexyte [0, n] , 

(1.23) 



and 

1 



x,D^tix)+At{x))^^^^ > 4 ||x||^-(7(||a;||^+l) (||r.x||g-'^) + l j -/i(i) Vx G X, Vi G [0,ro] , 



(1.24) 



where r G [0,2), g{s) : [0,+oo) — ^ (0, +oo) is some nondecreasing function, /i(i) G L'^ ((0, Tq); M) is 
some nonnegative function and C > is some constant. Finally assume that the mapping r(x(t)) : 
{((t) G L''{a,b;X) : T ■ ({t) G L°°{a,b;H)} L«* ((0, Tq); X*) , defined by 

(h{t),r{xit))) := r (h{t),At{x{t))) dt 

\ / Li{(Q,To);X)xLi'i(0,To);X') JQ ^ I XxX' 

Wxit) G {C(t) GL«(a,&;X) : T ■ ((t) e L°°{a,b; H)}, V/^(t) G i«((0. To); X) , (1.25) 

satisfies the following compactness property. For every sequence {M„(t)}^^ C L'?((0, Tq); X), such 
that {T-u„(t)}+^^ C L°°((0,To);7l), ii„(t) - u(t) weakly m L" {{O.To); X) , {T ■ u„{t)}^^^ is 
bounded in L°° {{0,To); H) and T ■ u„(t) ^ T ■ u{t) weakly in H for a.e. t G (0,ro), the following 
conditions are satisfied: 

» lim„_. I ^ (ur,. - u, r(u„.) ) > 0. 
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• If we have Mmn-A+oo (un — u,T(un) ) — 0, then necessarily r(u„) ^ 

\ Vl?((o,To);X)xL<J*((0,To);X-) 

T{u) weakly in L«' ((0, Tq); X*) . 

Then for every wq e H there exists u{t) G L'?((0, To); X), such that I ■ {u{t)) G W^^'^' {{0,To); X*) , 
where q* := q/{q — 1), and u{t) is a solution to (|1.20p . 

The second existence result is useful in the study of Parabolic, Hyperbolic, Parabolic-Hyperbolic, 
Shrodinger, Navier-Stokes and other types of equations (see Theorem 13.41 as an equivalent formula- 
tion, and Theorem 13.51 and Corollary 13.11 as important particular cases) . 

Theorem 1.3. Let q > 2 and let X and Z be reflexive Banach spaces and X* and Z* be the 
corresponding dual spaces. Furthermore let H be a Hilbert space. Suppose that Q : X Z is 
an infective bounded linear operator such that its image is dense on Z . Furthermore, suppose that 
P : Z ^ H is an injective bounded linear operator such that its image is dense on H . Let T : X H 
be defined by T :— PoQ. So that {X, H, X*} is an evolution triple with the corresponding inclusion 
operators T : X — 5- H , T : H ^ X* defined by (|1.7p and I := T o T . Assume also that the Banach 
space X is separable. Furthermore, for every t € [0,To] let ^t{z) ■ Z X* and At{z) : Z X* 
be functions which are Gateaux differentiate at every z ^ Z and At(0),At(0) € L'^ ((0,To);X*). 
Assume that for every t G [0, T] they satisfy the following bounds 

ll^^*W||£(z;x-) ^ 9{\\P ■ 4h) ■ (iklir' + i) Vz e Z, \/t e [0,To] , (1.26) 

||At(z)||^. <5(||P.z||h) • (||Lo-z||«,;Vl) Vz e e [0, Tq] , (1.27) 

and 

\\^M^)\\ciZ;Xn < g{\\P ■ z\\h) ■ [\\Lq ■ Zr^;2 ^ y^^ z ^ [q^ j,^] ^ (^ 28) 

where g{s) : [0, -|-cxd) (0, -f oo) is some nondecreasing function, Vq is some Banach space and 
Lq : Z ^ Vq is some compact linear operator. Moreover, assume that At and At satisfy the following 
monotonicity and positivity conditions 

(h,DAt{z)-{Q-h) + DAt{z)-{Q-h)) ^ > -.g(|lP-z||H) • (||z|||+m(<)) • ||r./i||2"'^ 

Vz G z, v/i e X, v< e [o,ro], (1.29) 

and 

\1 r<( 11^ u\V , ^\ (\\rr J.l|(2-'') 



h,At{Q-h)+Kt{Q-h)J ^ > (l/C')||g-/i||;-C(^||Q-/i||; + lj • [\\T-h\\'^ + - fi{t) 

V/i G X, Vt G [0,To] , (1.30) 

where r G [0,2), g{s) : [0, +00) — > (0, +00) is some nondecreasing function, ii{t) G ((0, Tq); M) is 
some nonnegative function and C > is some constant. We also assume that At(z) At{z) are Borel 
on the pair of variables {z,t). Finally assume that there exists a family of Banach spaces {Vj}'j'^ 
and a family of compact bounded linear operators {Lj}^'^, where Lj : Z Vj, which satisfy the 
following condition: 

• // {hn}n=i C Z is a sequence and ho G Z , are such that for every fixed j lim„_i.+oo Lj ■ hn = 
Lj ■ Hq strongly in Vj and P ■ hn P ■ weakly in H , then for every fixed t G (0, Tq) we have 
At{hn) At(/io) weakly in X* and DAt{hn) — DAt{hQ) strongly in C{Z,X*). 

Then for every wq G H there exists z{t) G L'?((0, Tq); Z) such thatw(t) -.^ P ■ z{t) G ((0, Tq); iJ), 
v{t) :— T ■ (w(t)) G W^''^ ((0, Tb);X*) and z(t) satisfies the following equation 

(^{t)+At{z{t))+At{z{t))^0 fora.e.te{Q,To), 
\v{a)=T-wo. 

On section 2] we give examples of the applications of Theorems 11.21 and 11.31 providing the exis- 
tence results for various classes of time dependent partial differential equations including parabolic, 
hyperbolic, Shrodinger and Navier-Stokes systems. 
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2 Notations and preliminaries 

Throughout the paper by the hnear space we mean the real hnear space. 

• For given normed space X we denote by X* the dual space (the space of continuous (bounded) 
linear functionals from X to R). 

• For given h & X and x* S X* we denote by the value in M of the functional x* 
on the vector h. 

• For given two normed linear spaces X and Y we denote by C{X; Y) the linear space of con- 
tinuous (bounded) linear operators from X to Y. 

• For given A e C{X;Y) and h ^ X we denote hy A - h the value in Y of the operator A on the 
vector h. 

• We set ||A||£(X;y) = sup{||A ■ : h £ X, \\h\\x < 1}. Then it is weU known that C{X;Y) 
will be a normed linear space. Moreover C{X;Y) will be a Banach space if y is a Banach 
space. 

Definition 2.1. Let X and Y be two normed linear spaces. We say that a function F : X ^ Y is 
Gateaux differentiable at the point x £ X ii there exists A G C{X;Y) such that the following limit 
exists in Y and satisfy, 



liiR-(F(x + sh) - Fix)) 



liiR -{F(x + sh)~ Fix)] ^ A- h VheX. 

In this case we denote the operator A by DF{x) and the value A ■ h hy DF{x) ■ h. 

Next we remind some Definitions and Lemmas of [15 . Part of them are well known. The proves 
of all the following Lemmas can be found in [15^. 

Definition 2.2. Let X and Y be two normed linear spaces and U C X he a, Borel subset. We say 
that the mapping F{x) : U ^ Y is strongly Borel if the following two conditions are satisfied. 

• F is a Borel mapping i.e. for every Borel set W C Y, the set {x & U : F{x) £ W} is also 
Borel. 

• For every separable subspace X' C X, the set {y G F : y — F{x), x £ U (1 X'} is also 
contained in some separable subspace of Y. 

Definition 2.3. For a given Banach space X with the associated norm || • \\x and a real interval 
(a, 6) we denote by L'^{a,b;X) the linear space of (equivalence classes of) strongly measurable (i.e 
equivalent to some strongly Borel mapping) functions / : (a, 6) -> X such that the functional 



^essuptg(„^f,)||/(t)||x if g = oo 



ll/l 



L'(a,b;X) 



is finite. It is known that this functional defines a norm with respect to which L''(a, b; X) becomes 
a Banach space. Moreover, if X is reflexive and 1 < q < oo then i'(a, b; X) will be a reflexive space 
with the corresponding dual space L'' (a, b; X*), where q* = q/{q — l). It is also well known that the 
subspace of continuous functions C°([a, b];X) C L'^{a, b; X) is dense i.e. for every f{t) G L'^{a, b; X) 
there exists a sequence {fn{t)} C C°{[a,b];X) such that fn{t) — !> f{t) in the strong topology of 
Li{a,b;X). 

We will need the following simple Lemma. 
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Definition 2.4. Let X be a reflexive Banach space and let (a, b) be a finite real interval. We say 
that v{t) e L9(a, belongs to W^''^{a,b; X) if there exists f{t) e L'^{a,b;X) such that for every 
S{t) G C^((a, satisfying suppj CC {a,b) we have 

6 b 
a a 

In this case we denote f{t) by v'{t) or by ^{t). It is well known that if v{t) G W^'^{a,b;X) then 
v{t) is a bounded and continuous function on [a,b] (up to a redefining of v{t) on a subset of [a,b] 
of Lebesgue measure zero), i.e. v{t) S C°([a, 6];X) and for every d{t) G ([a, 6]; X*) and every 
subinterval [a, 13] C [a, &] we have 

/ { (|(')' '^('^)xxX* + S(*))xxX* ^ ^('5))^XX. - '5(«))xxX. ■ (2-1) 

a 

Lemma 2.1. Let X aKC? Y be two reflexive Banach spaces, S € C{X^Y) be an injective inclusion 
(i.e. it satisfies ker S* = 0) and (a, 6) be a finite real interval. Then if u{t) G L'^{a,b; X) is such that 
v{t) := S ■ u{t) e VFi'«(a,6;r) and there exists f{t) £ Li{a,b;X) such that ^{t) = S ■ f{t) then 
u{t) e W^^i{a,b;X) and ^(t) = f{t). 

Definition 2.5. Let X be a Banach space. We say that a function 'I' (a;) : X — !> R is convex (strictly 
convex) if for every A £ (0, 1) and for every x,y £ X s.t. x ^ y we have 

*(Ax + (1 - A)y) < ( < ) A*(a;) + (1 - X)^{y) . 

It is well known that if 4'(x) : X — > M is a convex (strictly convex) function which is Gateaux 
differentiable at every x £ X then for every x,y £ X s.t. x ^ y we have 

*(?/) >(>) ^{x) + (^y-x,D'^ix))^^^^, (2.2) 

and 

(^y-x,D^{y)-D^f{x))^^^^ >(>) 0, (2.3) 

(remember that Z?^(a:) G X*). Furthermore, ^ is weakly lower semicontinuous on X. Moreover, if 
some function ^'(a;) : X — s> M is Gateaux differentiable at every x £ X and satisfy either p.2p or 
(|2.3p for every x,y £ X s.t. x ^ y^ then '^{y) is convex (strictly convex). 

Definition 2.6. Let Z be a Banach space and Z* be a corresponding dual space. We say that the 
mapping A(z) : Z — > Z* is monotone (strictly monotone) if we have 

(y-z,A(y)-A(z)\ >(>)0 Vy^zGZ. (2.4) 

\ / ZxZ* 

Definition 2.7. Let Z be a Banach space and Z* be a corresponding dual space. We say that the 
mapping A(z) : Z ^ Z* is pseudo-monotone if for every sequence {zn}'^'^i C Z, satisfying 

^ z weakly in Z and lim ( z^ z, A(z„)) <0 (2.5) 

ri-!-+oo \ / ZxZ" 

we have 

lim (z„-y,A(z„)\ >lz-y,k{z)) ^y e Z . (2.6) 

n^+oc ^ ' Z-kZ* \ I ZxZ* 

Lemma 2.2. Let Z be a Banach space and Z* be a corresponding dual space. Then the mapping 
A(z) : Z ^ Z* is pseudo-monotone if and only if it satisfies the following conditions: 
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(i) For every sequence {zn]n^i C Z , such that Zn ^ z weakly in Z we have 

lim (zn-z,A{zn)) >0. (2.7) 

(ii) // for some sequence {zn}n=i C Z, such that Zn ^ z weakly in Z we have 

lim (zn-z,A{zn)) =0, (2.8) 

then A{zn) A{z) weakly* in Z* . 

Lemma 2.3. Let Z be a Banach space and Z* be a corresponding dual space. Assume that the 
mapping A{z) : Z ^ Z* is monotone. Moreover assume that A{z) : Z ^ Z* is continuous for every 
z € Z or more generally the function Cz,h{t) : M — >■ M, defined by 

C,z,h{t):=lh,A{z-th)^ ^ ^z,h€Z, VtsM, (2.9) 

is continuous on t for every z,h G Z. Then the mapping A{z) is pseudo-monotone. 

Lemma 2.4. Let Y and Z be two reflexive Banach spaces. Furthermore, let S G JC{Y; Z) be an 
injective operator (i.e. it satisfies ker S = {0}) and let S* € C{Z*;Y*) be the corresponding adjoint 
operator, which satisfies 

{y,S* ■z*)Y^^,:={S-y,z*)^^^, for every z* e Z* and y e Y . (2.10) 

Next assume that a, 6 £ M s.i. a < b. Let w{t) G L°°{a. b: Y) be such that the function v : [a,b] ^ Z 
defined by v{t) := S ■ {w{t)) belongs to W^''^{a,b; Z) for some q> 1. Then we can redefine w on a 
subset of [a, b] of Lebesgue measure zero, so that w{t) will be Y -weakly continuous in t on [a, b] ( i.e. 
w S C^{a,b;Y) ). Moreover, for every a < a < p < b and for every d{t) e C^([a, 6];Z*) we will 
have 

J {{ft^'^'^^'^)zxz' + (^('^' ft^'^)zxz' = ^* • '^(^))vxy. - (^H- 5* • '5(«))vxr. • 

a 

(2.11) 

Definition 2.8. Let X be a reflexive Banach space and X* the corresponding dual space. Further- 
more let -ff be a Hilbert space and T G £{X, H) be an injective (i.e. it satisfies kerT = {0}) inclusion 
operator such that its image is dense on H. Then we call the triple {X, H, X*} an evolution triple 
with the corresponding inclusion operator T. Throughout this paper we assume the space H* be 
equal to H (remember that H is a, Hilbert space) but in general we don't associate X* with X even 
in the case where X is a Hilbert space (and thus X* will be isomorphic to X). Further we define 
the bounded linear operator T G C{H; X*) by the formula 

{x,f -y)^^^, := {T ■x,y)^j^^j for every G and x G X . (2.12) 

In particular = fi-nd since we assumed that the image of T is dense in H we 

deduce that kerT = {0} and so T is an injective operator. So T is an inclusion of H to X* and the 
operator 7 := T o T is an injective inclusion of X to X* . Furthermore, clearly 

(^'^■^)xxx- = (^■^'^•^)Hxif ^ (^'-^■^)xxx* for every a;, ^; G X . (2.13) 
So / G C{X,X*) is self-adjoint operator. Moreover, / is strictly positive, since 

{x,I-x)^^^, = \\T-xfH>Q Va;7^0GX. (2.14) 



9 



Lemma 2.5. Let X be a reflexive Banach space and X* the corresponding dual space. Furthermore 
let I £ C{X,X*) be a self-adjoint and strictly positive operator, i.e. 

{x,I ■ z)^^^, ^ {z,I ■ x)^^^, for every X, z € X , (2-15) 

and 

{x,I-x)^^^,>0 Vx^OeX. (2.16) 

Then there exists a Hilbert space H and an injective operator T G C{X, H) (i.e. kcrT = {0} ), whose 
image is dense in H , and such that if we consider the operator T G C{H; X*), defined by the formula 
(|2.12p . then we will have 

{f oT) ■ X = I -x \fxeX. (2.17) 

I.e. {X, H, X*} is an evolution triple with the corresponding inclusion operator T G C{X;H), as it 
was defined in Definition \2.8\ together with the corresponding operator T G C{H] X*), defined as in 
(Pl^ . and I = foT. 

Next as a particular case of Lemma 12.41 we have the following Corollary. 

Corollary 2.1. Let {X, iJ, X*} be an evolution triple with the corresponding inclusion operator T G 
C{X]H) as it was defined in Definition \2.8\ together with the corresponding operator T G C{H]X*) 
defined as in (j2.12p and let a, 6 G M s.t. a < b. Let w{t) G L°°{a,b; H) be such that the function 
V : [a,b] — ?> X* defined by v{t) :— T ■ (w(t)) belongs to W^''^{a,b;X*) for some q > 1. Then 
we can redefine w on a subset of [a, b] of Lebesgue measure zero, so that w{t) will be H-weakly 
continuous in t on [a, b] ( i.e. w G C° (a, 6; H) ). Moreover, for every a < a < j3 < b and for every 
5{t) G C^([o, we will have 

(2.18) 

Lemma 2.6. Let {X., H., X*} be an evolution triple with the corresponding inclusion operator T G 
C{X;H) as it was defined in Definition \2.8\ together with the corresponding operator T G C{H;X*) 
defined as in (|2.12p and let a,6 G M s.t. a < b. Let u{t) G L'^(a,b; X) for some q > 1 such 
that the function v{t) : [a,b] — > X* defined by v{t) I ■ (u(i)) belongs to W^''^ {a,b;X*) for 
q* := q/(q — I), where we denote I :~ T o T : X — > X* . Then the function w{t) : [a, b] H defined 
by w{t) :~ T ■ (^(t)) belongs to L°°{a,b; H) and for every subinterval [a,/?] C [a, 6] we have 

£ (u{t), ^it))^^^ M = l{\\wm'H - , (2.19) 

up to a redefinition of w{t) on a subset of [a, b] of Lebesgue measure zero, such that w is H-weakly 
continuous, as it was stated in Corollarv \2.1[ 

We will need in the sequel the following compactness results. 

Lemma 2.7. Let X , Y Z be three Banach spaces, such that X is a reflexive space. Furthermore, let 
T G C{X; Y) and S G C{X; Z) be bounded linear operators. Moreover assume that S is an injective 
inclusion (i.e. it satisfies ker S = {0} ) and T is a compact operator. Assume that a, & G M such that 
a < b, 1 < q < +00 and {un{t)} C L'^{a,b; X) is a bounded in L'^{a,b; X) sequence of functions, 
such that the functions Vn{t) : (a, b) — >■ Z , defined by Vn{t) := S ■ (u„(f)), belongs to L°°{a, b; Z), the 
sequence {vn{t)} is bounded in L°°{a,b; Z) and for a.e. t G (a, 6) we have 

Vn{t) v{t) weakly in Z as n ^ +oo . (2.20) 

Then, 

{T ■ (u„(t))} converges strongly in L'^{a,b;Y) . (2-21) 
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Lemma 2.8. Let Z be a reflexive Banach space and let {'^n(i)}„^ C W^'^{a,b; Z) be a sequence 

of functions, bounded in W^'^{a,b; Z) . Then, {'>^nit)}^^^ is bounded in L°°{a,b\ Z) and, up to a 
subsequence, we have 

Vn{t) v(t) weakly in Z as n — )■ +00 , for a.e t E (a, b) . (2.22) 

As a direct consequence of Lemma 12.71 and Lemma 12.81 we have the fohowing Lemma. 

Lemma 2.9. Let X , Y and Z be three Banach spaces, such that X and Z are reflexive. Furthermore, 
let T £ C{X;Y) and S G C{X;Z) be bounded linear operators. Moreover assume that S is an 
injective inclusion (i.e. it satisfies ker S* = {0}j and T is a compact operator. Assume that a, & G K 
.such that a < b, 1 < q < +00 and {un{t)} C L'^{a,b] X) is a bounded in L''{a,b; X) sequence of 
functions, such that the functions Vn{t) : (a, &) — >■ Z, defined by Vn{t) :~ S ■ (un{t)) , belonqs to 
W^'^{a,b; Z) and the sequence {^^{t)} is bounded in L^{a,b; Z). Then, up to a subsequence, 

|r • (u„(t)) } converges strongly in L'^{a, b; Y) . (2.23) 

The following simple embedding result was proven in the Appendix of [15j : 

Lemma 2.10. Let X be a separable Banach space. Then there exists a separable Hilbert space Y 
and a bounded linear inclusion operator S G C{Y;X) such that S is injective (i.e. ker 5 = {0}), the 
image of S is dense in X and moreover, S is a compact operator. 

In the future we also need the following simple Lemma: 

Lemma 2.11. Let X be a reflexive Banach space and let '^(x) : X ^ [0, +00) be a convex function 
which is Gateaux differentiable on every x G X , satisfies ^'(0) — and satisfies 

< *(x) < Co + Co Vx G X , (2.24) 
for some q > 1 and Cq > 0. Then for some Cq, that depends only on Co and q from (I2.24|) . we have 

\\D'i'{x)\\x' <Co\\xf^' + Co VxeX. (2.25) 
Proof. Since ^E" is convex, from (|2.2p . for every x,h E X we have 

(h, D'fix))^^^, < ^{x + h)- ^{x) . (2.26) 
Therefore, for every x,h E X such that \\h\\x < 1 and ||a;||x > 1 we have 

(h,D^{x))^^^, < j^(^^{x + \\x\\xh) ~ ^{x}) . (2.27) 

Thus using growth condition (|2.24l) we deduce that for every x,h £ X such that \\h\\x < 1 and 
> 1 we have 

{h,D^{x))^,^^,<C\\xr^~\ (2.28) 

and so 

\m{x)\\x^<C\\x\\i7\ (2.29) 
for every x which satisfy ||a;l|x > 1- However, by p.26|) and (|2.24p we have 

{h,D^ix))^^^,<C, (2.30) 

for every x,h € X such that \\x\\x < 1 and \\h\\x < 1, where C* > is a constant. So ||-D^'(x) < C 
for every x which satisfy \\x\\x < 1. This together with (|2.29p gives the desired result (|2.25p . □ 
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3 The Existence results 



Definition 3.1. Let {X, H, X*} he an evolution triple with the corresponding inclusion operator T G 
C{X; H) as it was defined in Definition l2.8l Furthermore let (a, 6) be a real interval, q > 1 and q* := 
q/{q-l). We say that the mapping r(M) : {u € Li(a,b-X) : T-uG L°°{a,b;H)} Li'{a,b;X*) = 

{i^(a, b; X)}* is weakly pseudo-monotone if for every sequence 

{"« W}„ri ^ -^''(«' such that 

{T ■ u„(t)}^^^ C L°°{a,b;H), u{t) weakly in L'?(a,6;X), {T ■ u„(t)}^^^ is bounded in 

L°°{a,b; H) and T ■ u„(t) ^ T ■ u{t) weakly in H for a.e. t £ (a, 6) the following conditions are 
satisfied. 



If we have 



lim (M„-u,r(u„)) >0. (3.1) 

„^+oo \ / L<!(a,fc;X)xL'!*(a,;);X') 



lim {un-u,r{un)) ^ =0, (3.2) 



then r(u„) ^ r(u) weakly in i«' (a, 6; X*). 

Remark 3.1. By Lemmas l2.2l andl 2.3l we know that if the mapping r(u) : i'^(a, 6; X) —> L'' (a, 6; X*) 
is pseudo-monotone then r(M) is weakly pseudo-monotone. Moreover, by Lemma 12.31 we infer that 
if we assume T{u) : {u G Li{a,b;X) : T ■ u e L°°{a,b\H)] Li'{a,b;X*) to be monotone, the 
function 

f^h{s):^ (h,T(u~sh)) Vu^he {C ^ Li{a,b;X) : T-C G L°°(a, &; i7)|, Vs G M, 

\ / L9(a,ti:X)xL9* (a,b:X*) 

to be continuous on s, and T{u) to be locally bounded on {u G L'^{a, b; X) : T-u G L°°{a, b; _ff)} (i.e. 
for every sequence {u„(t)} bounded in L'^{a, b; X), such that {T ■ u„(<)} is bounded in L°°{a, b; H), 
T{un) is assumed to be bounded in (a, b; X*)), then the mapping T{u) is weakly pseudo-monotone. 

Remark 3.2. It is trivially follows from the definition that if ri(it), r2(u) : {u G L'^{a, b; X) : T -u ^ 
L°°{a,b; H)^ — > L'' {a,b;X*) are two weakly pseudo-monotone mappings, then the sum of them, 
ri(u) -|- r2(w) is also a weakly pseudo- monotone mapping. 

Definition 3.2. Let {X, H, X*} be an evolution triple with the corresponding inclusion operator 
T G C{X;H) as it was defined in Definition 12.81 together with the corresponding operator T G 
C{H;X*) defined as in (j2.12p . Furthermore, let F be a reflexive Banach space and S G C{Y,X) 
be an injective operator such that its image is dense in X. Moreover, assume that 5* is a compact 
operator and let S* G C{X*;Y*) be the corresponding adjoint operator, which satisfy 

(y,5*-x*)^^y. :=(5-y,x*)^^^. for every x* G X* and y G F . (3.3) 

Set P G C{Y;H), defined by F T o 5 and P G C{H;Y*), defined by P := S*of. Then it is clear 
that {Y, H, Y*} is another evolution triple with the corresponding inclusion operator P G C{Y; H) 
as it was defined in Definition 12.81 together with the corresponding adjoint operator P G C{H;Y*) 
defined as in (|2.12p . We will call the quintette {Y, X, H, X* ,Y*} together with the corresponding 
operators S G C{Y,X), T G C{X;H), f G £{H;X*) and S* G C{X*;Y*) an evolution quintette. 
Furthermore consider a, 6 G M s.t. a < b. Let i/j{t) G L'^{a, b; Y) for some q > 1 such that the function 
^{t) : (a, 6) ^ X* defined by ^{t) := ly ■ {^{t)) belongs to T^i'«* (a, 6; F*) for q* := q/{q-l), where 
ly P o P ■ Y ^ Y* . Denote the set of all such functions ip by TZy^q{a, b). As before, by Lemma 
12.61 for every ilj{t) G TZq{a,b) the function w{t) : [a,b] — >■ H defined by w{t) := P ■ (?/'(i)) belongs 
to L^{a, b; H) and, up to a redefinition of w{t) on a subset of [a, b] of Lebesgue measure zero, w is 
weakly continuous, as it was stated in Corollarv l2.1l 

Definition 3.3. Let {Y,X,H,X* ,Y*^ be an evolution quintette with the corresponding inclusion 
operators S G C{Y,X), T G C{X\H), f G C{H;X*) and S* G C{X*;YJ) as it was defined in 
Definition 13.21 together with the corresponding operators P G C{Y; H) and P G C{H\ Y*) defined by 
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P := To S and P := S* oT (Remember that the operator S is compact by definition). Furthermore, 
let a,b,q €M. s.t. a < b, q > 2 and q :— qj (g — 1). Next let ^'(y) : y — > [0, +oo) be a convex function 
which is Gateaux differentiable on every y ^Y, satisfies 4'(0) = and satisfies the growth condition 

{l/Co)\\y\\l--Co<^{y)<Co\\yrY + Co VyeY, (3.4) 
and uniform convexity condition 

(yi^y2,D^iyi)-D^>{y2)) > (1/Co) ||yi - yally yyi,y2eY, (3.5) 

for some Cq > 0. Next, for every t G [a,b] let $t(x) : X — > [0, +oo) be a convex function which is 
Gateaux differentiable at every x ^ X, satisfies 4>t(0) = and satisfies the growth condition 

< <i>t{x) < C \\x\\l. + C Vx e X, Vt e [a,6] , (3.6) 

for some C > 0. We also assume that $t(a;) is Borel on the pair of variables {x,t). Furthermore, for 
every t e [a,b] let At{x) : X X* be a function which is Gateaux differentiable at every x ^ X, 
At(0) e L'^ (a, b; X*) and the derivative of At satisfies the growth condition 

\\DAt{x)\\ciX;X')<gi\\T-x\\H)i\\xrx' + l) yxeX,yte[a,b], (3.7) 

for some nondecreasing function g{s) : [0, +oo) (0, +oo). We also assume that At{x) is strongly 
Borel on the pair of variables {x,t) (see Definition 12. 2p . Assume also that At and $t satisfy the 
following monotonicity and positivity conditions 

h, {D<S>t{x + h) - D^t{x)} + DAt{x) ■ hj ^ ^ > 

r \ (2-p)/2 ,„ , 

~g{\T ■x\\H)-y\\x\\\^pi{t)) -WWx-WT ■Hh''^ Vx-gX, V/iGXVie [a,6], (3.8) 

and 

(x,i^<i>t(x)+At(x))^^^^ > % \\x\\\-C{^\xf^+\)(\\T-x\%-^\\)-ix{t) Vx £ X, W G [a, 6], 

(3.9) 

where p G [0,2), fco G {0,1} and (7 > are some constants, g{s) : [0, +oo) (0, +oo) is some 
nondecreasing function and /i(i) G (a, 6; M) is some nonnegative function. 

Lemma 3.1. Assume that all the conditions of Definition \3.2\ and Definition \3.3\ are satisfied. 
Moreover, let w^^^ = P ■ t/j^^"^ where ip^'^'^ G Y. Then for every e > there exists ip{t) S T^Y.,q{a.,b), 
such that ip{t) is a solution to 

^{t) + S* ■ (At{u{t)) + D^t{u{t))) + eD-^{tP{t)) = for a.e. t G (a, b) , and w{a) = , 

(3.10) 

where u{t) := S- (ipit)) , w(t) P- {^{t)) , ip{t) := ly ■ (V'(O) = P- (wit)) with ly := PoP : Y ^ Y* 
and we assume that w{t) is H-weakly continuous on [a,b], as it was stated in Corollary \ 2. 1\ 

Proof. The result follows by applying Corollarv ll.il (see also Proposition 3.2 from [15]) with Y and 
Y* instead of X and X*, P and P instead of T and T, -ip instead of u, u instead oi S ■ u, ip instead 
of V, e-^iip) + $t(5' • -0) instead of ^'t(u) and S* ■ {At{S ■ ip)) instead of AtiS ■ u). □ 

Theorem 3.1. Suppose that all the conditions of Definition \ 3.S\ and Definition \3.3\ are satisfied 
together with the assumption ko = 1 in (|3.9p . Moreover, assume that the mapping r(x(t)) : {x{t) G 
L«(a, b;X): T ■ x{t) G L°°(a, b; H)} ^ L?* (a, 6; X*), defined by 

(h{t),r{x{t))) f' (h{t),At{x{t))) dt 

\ / Li{a,b-X)xLi* (a,b;X') Ja ^ /XxX' 

yx{t) G {x{t) G L'^{a,b;X) : T ■ x{t) G {a,b; H)} , V h{t) G L«(a,6;X), (3.11) 
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is weakly ■pseudo-monotone with respect to the evolution triple {X, H, X*} (see Definition \3 . 1\] . Fur- 
thermore, let Wn"^ = P ■ Tpn^ where Y he such that w[i^ — > Wq strongly in H and let 
En > be such that En ^ as n ^ -\-oo. Moreover, assume that ipnit) £ T^Y.q{o,, b) is a solution to 



d(pn 

dt 



it)+S*-(^At{unit))+D<t>t{un{t))^+enD-9{ipn{t)) = for a.e. t e (a, 6) and w„{a) 

(3.12 



where Un{t) := S ■ [tpn{t)) , Wn{t) := P ■ ('0n(O), ipnit) '■= P ■ {wn{t)) and we assume that Wn{t) 
is H -weakly continuous on [a,b], as it was stated in Corollary \2.1\ (As we saw in Lemma \3.1\ such 
a solution exists). Then, up to a subsequence, we have Un{t) — ^ u(t) weakly in L'^{a,b; X) where 
u{t) e L«(a, b; X) is such that w{t) := T ■ {u{t)) e L^{a, b; H), v{t) := f ■ {w{t)) = f o T{u{t)) G 
W^''^ {a,b]X*) and u(t) is a solution to 

{f^{t)+Kt{u{t))+D^t{u{t))^0 fora.e.te{a,b), 
\w{a) = Wo , 

where we assume that w{t) is H -weakly continuous on [a, b], as it was stated in Corollarv \2.1\ So in 
the conditions of the theorem a solution to p.l3p exists for every wq E H . 

Proof. By p.l2p we deduce 

' (Ms),^{s)) ds+ I lun{s),Ks{un{s))+D<^s{un{s))) ds 

+ en I Un{s),D^{ijM{s))) ds = {) Vie[a,6]. (3.14) 
Next, since by Lemma 12.61 we have 

* (^«(^), ^(.))^^^.rf. = i (ih4t)iiL - 11-1°^ Hi) , 

using (|3.14p we obtain 

\\\wn{t)\\\+ [ lun{s),Ks{un{s)) + D^s{un{s))) ^ds 
Z J ^ \ I XxX' 

+ £„ / (^„(s),7^*(V«(s))) ^ds^hwl^^Wl yte[a,b]. (3.15) 

Ja ^ ' YxY* Z 

However, since ^(•) is convex and since ^'(•) > 0, 4'(0) = and then also _D4'(0) = 0, by (|2.2p we 
have 

(^M-t),D'^{Mt)))^^^,>'^{Mt)) >0 VtG(a,&). (3.16) 

In the same way 

<Ju„(t),i?$t(u„(t)))^^^^ (i)) >0 Vte(a,6). (3.17) 

Therefore, from (I3.15P we deduce 

l\\wn(t)\\l+ f (un{s),A,{un{s)) +D<^s{un{s))) ds < J 1 1 1 1 ^ Vt G [a, 5] . (3.18) 
On the other hand by p.9p we infer 

Un{s),D'^,{un{s))+ b^s{un{s))) ds > 

I XxX* 

i||u„(s)||^-C(||w„(,s)||^ + l) . (^\\w^{s)\\^'-P) +Mds-C yte{a,b). (3.19) 
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Therefore, inserting (|3.19p into (|3.18p we deduce that there exists Ci > such that 



< 



||wn(i)||^+ / \\un{s)\\'i^ds < Ci + Ci / ||m„(s)||^ • ||w„(s)||^ ^ds 
<y a <y a 

Ci+cAj \\un{s)\\xds\ -ij \\w^{s)\\Hds\ Vte[a,b]. (3.20) 
Thus, since q > 2 and p £ [0, 2), in particular 

nt 

\un{s)\\l^ds < C2 + C2 ■ \\wn{s)\\]^ds Vi £ [a, 6] , (3.21) 

J a 

and then from p.20p we deduce 

/ ||"«(s)||^ds < C3 + C3 / ||w„(s)||^ds Vie[a,6]. (3.22) 

-'a -/a 

In particular we deduce 

\\wn{t)\\H < Ci f \\wn{s)\\jids + Ci Vt G [a, 6] VneN, (3.23) 

^ a 

where C4 > doesn't depend on n and i. Then 

||w„(s)|||^rfs-cxp(-C4t)| <C4Gxp(-C4t) Vi £ [o, fe] Vn£N, (3.24) 

and thus 

\\wn{s)\\Hds<exp{C4{t-a)}~l<exp{C4,{b~a)} Vt £ [a, 6] Vn £ N . (3.25) 

Therefore, by p. 231) the sequence {wn{t)} is bounded in L°°{a, b; H). Thus by p.22p we also obtain 
that the sequence {u„(i)} is bounded in L'^{a,b; X). So 

i{un{t)} is bounded in (a, 6; X) , (3 26) 

\{wn{t)} is bounded in L°°{a,b;H). 

Therefore, since i'(a, b; X) is a reflexive space, up to a subsequence we have 

iunit) u{t) weakly in i«(a, fe; X) , 
I Wn{t) — ^ i(;(i) weakly in L^{a, 6; i?) , 

where w{t) T ■ (u(t)). Next plugging ((3?26t into (jXTSl) and using ((3?7| and ((3Tfl) we deduce 

/^„(s),-D*(7^„(.s))' 

where Ci is a constant. Then using (|3.16p and the growth condition (|3.4p . we deduce from (|3.28p . 

£n / \\Ms)\\ld3 < C5. (3.29) 



e„ / (V'«(s),-D*(^n(.s)))^^^^ds<C'4, (3.28) 



On the other hand by (|2.25p in Lemma [2. Ill for some C > we have 



D^{Mt)) < C\\Mt)\\y ' + C Vi £ (a,6), (3.30) 
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and then 



D^iMt)) <Co||V«W||y + Co Vie (a, 6) 



(3.31) 



Thus plugging p.3ip into (I3.29P we deduce 



:„i:)*(V'n(s)) 



So, 



n— ^+00 



0. 



(3.32) 



(3.33) 



Li* (a.b-.Y*) 

In particular, using ^^M), ^Mil, dSSS]), (|3J2l) . (|3J| . ([Xe]) and the growth condition ([2:251) in 
Lemma [2. Ill we deduce that 



d(p„ 
dt 



{t) is bounded in (a, 6; Y* 



(3.34) 



Next for every t G [a, 6] define Qt{x) : X -> X* by 

et(a;) := At(x) +i:><I>t(a;) Vx G X . (3.35) 
Then by the growth condition (|2.25l) in Lemma 12.111 and by the growth condition p.7p we obtain 
\\Qt{x)\\^,<g{\\T-x\\H)-{\\xfx^ + l) + \\Kt{Q)\\x. VxgX, Vie (a, 6), (3.36) 



for some constant C > 0. Thus using p.26p . p.27p and p.36p we deduce that, up to a further 
subsequence, 

et(u„(t)) ^ S(t) weakly in i«'(a,6;X*) . (3.37) 

On the other hand by p.l2p and by Corollary UTT] for every 5{t) g C^([a, b]]Y) and every /3 e [a, b] 
we have 



r.(5-J(/3)),«;„(/3))^^^-(r- (5.5(a)), / ls-[^^{t)),v^{t) 



dt+ 



XxX* 



dt 



YxY* 



ds^O, (3.38) 



XxX- 



where Vn{t) T • w„(t) = (T o T) • u„(t). Letting n tend to +cx) in and using ([323), (037]), 

p.33p and the fact that Wn'' wq in H we obtain 



hm (r.(5-<5(/3)),u;„(/3)) - ((T • (5 • <5(a)) , u;o) - I ( ^ ■ (^(t)) ,vit) 



dt 



XxX* 



ds^O, (3.39) 



XxX' 



for every 5(t) e Ci([a, 6]; F), where w(t) = T ■ u{t) and u(i) := T ■ w{t) = (T o T) ■ u{t). Next since 
the space Y is dense in X, by approximation we deuce that for every 6{t) G C^([a, 6]; X) such that 
6{b) = we have 



/dS 



dt 



XxX* 



d{t),E(t)) ds^O, (3.40) 

XxX* 
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Thus in particular ^{t) e L'^' {a,b; X*) and so v{t) e W^'"^' {a,b;X*). Then, as before, w{t) e 
L°°(a, b] H) and we can redefine ui on a subset of [a, b] of Lebesgue measure zero, so that w{t) will 
be iJ-weakly continuous in t on [a, b] and by p.40p we will have w{a) = wq. Moreover by (I3.39|) we 
obtain 

lim (p-y,wn{l3)) - (p-y, «;(/?)) G F V/3 £ [a, 6] , (3.41) 

Ti-!-+oo \ / HxH \ / HxH 

and plugging it into (I3.26P we deduce 

Wnit) w{t) weakly in H, Wt G [a, b] . (3.42) 
So, by (|3.40p . u{t) is a solution to 



'f(<) + S(i)=0 for a.e. ^ e (a, 6) , 
u'(a) = luo • 



Next again, since by Lemma l2.6l we have 

l-b 



(3.43) 



using p.43p we obtain 

+ f {^(t)Mt))^^^,dt^l\\worH yte[a,b]. (3.44) 
On the other hand tending n to +oo in (|3.18l) with t = b and using (13.421) we deduce 

h\wib)\\l+ li^ / (unit),et{unit))) dt<l\\wo\\l G [a, 6] . (3.45) 

Therefore, plugging (|3.44l) into p.45p we deduce 

li^ / (un{t),et{un{t))) dt< [ (uit),E{t)) dt. (3.46) 



n^+ooj^ \ ^ ' I XxX* \ /XxX' 

Thus plugging p.37p into p.46p we obtain 

IW / (u,,{t)-u{t),Qt{un{t))) dt<0. (3.47) 

n^+ocj^ \ I XxX' 

Next since by p.35p we have 
using p.47p we deduce 



H+oo(/ (un{t)-u{t),At{un{t)))^^^^dt+J^ (u„{t)^u{t) , D<^>t{un{t)) -'^>t{u{t))'j ^ ^ ^^d^j <0. 

(3.48) 



However, since $4 is convex we have 

i-b 

(ujt) - uit),D<S>t(uJt)) - <S>t(u(t))] 

XxX' 

and plugging it into (I3.48P we obtain 



(un{t)-u{t),D^t{un{t)) -^t{u{t))'j^^^M>0, (3.49) 



lim / (un{t)-u{t),At(u„{t))) dt<0. (3.50) 

n^ + oo / \ '/XxX' 
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I.e. 



lim -u(<),r(u„(t))\ dt<0. (3.51) 

n^ + oo \ / Lq(ah:X)xLi' (a.b:X*) 



Li{a,b;X)xLi' {a,b;X*) 



where T(^x{t)) is defined by (13.111) . On the other hand r(a;(t)) is weakly pseudo-monotone with 
respect to the evolution triple {X,H,X*} (see Definition [311 . Thus by (IPS)) . ((3?26)) and ((3?27l) . 
we deduce that 



lim {un{t) -u{t),T{un{t))) dt>0. (3.52) 

L9(o,6;X)xL9* (o,5;X*) 



Then plugging ((3?52l) into ((33Tt we infer 

lim /un{t)-u{t),T{un{t))\ dt = 0. (3.53) 

Thus by Definition 13.11 we must have 

r{un{t)) ^T{u{t)) weaklyin i«*(a,6;X*). (3.54) 
Moreover, by plugging p.53p into p.48p and using p.49p we deduce 



lim / (un{t) -u{t),D<i>t(un{t))) dt = 

n^ + oo \ ' / XxX* 

lim^/" (^Un{t)-u{t),D<^t{un{t)) ~<i>t{u{t)))^^^^dt^O. (3.55) 



n^+oo \ \ / \ / / XxX 

On the other hand since $t is convex, we have 

'^t{x{t))dt> f <^t{un{t))dt+ [ (x{t)-u,,{t),D^t{un{t))) dt V x(i) G (a, 6; X) , 

J a Ja ^ I XxX' 

(3.56) 

Then letting n — > +00 in (|3.56p and using p.55p . the convexity of $t, p.6p and (|2.25p in Lemma 
12. m up to a further subsequence, we obtain 

^t{x{t))dt- ( <^t{u{t))dt- ( (x{t)~u{t),Q{t)) dt>0 \Jx{t) e Li{a,h]X) , (3.57) 

J a Ja ^ I XxX' 

where 

D<^t{un{t)) ^ Q{t) weaklyin L?*(a,&;X*). (3.58) 

On the other hand x(t) := u{t) is a minimizer of the l.h.s. of p.57p and therefore by the Euler- 
Lagrange we must have Q{t) = D^t{u{t)). Plugging it into p.58p we obtain 

D^t{un{t)) ^ D<^>t{u{t)) weakly in i«'(a,6;X*) . (3.59) 

Thus by (P35|) and (|X77)) we deduce E{t) = ldt{u{t)) for a.e. t e (a,&). Therefore, 

returning to (I3.43P we deduce 

(^{t) + etiu{t))^0 for a.e. (a, 6), 
\w{a) = Wo . 

Thus by the definition of Qt in p.35p we finally deduce p.l3p . □ 

Theorem 3.2. Let {X, X*} be an evolution triple with the corresponding inclusion operator T G 
C{X]H) as it was defined in Definition \2.8\ together with the corresponding operator T G C{H]X*) 
defined as in (|2.12p . Assume also that the Banach space X is separable. Furthermore, let a,b,q (zR 
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s.t. a < b and q >2. Next, for every t G [a,b] let : X [0,+oo) be a convex function which 

is Gateaux differentiable at every x € X , satisfies <i>t(0) = and satisfies the growth condition 

0<Mx)<CMx+C \fxeX,\fte[a,b], (3.61) 

for some C > 0. We also assume that ^t{x) is Borel on the pair of variables {x,t). Furthermore, 
for every t £ [a, b] let At{x) : X — X* be a function which is Gateaux differentiable at every x G X , 
At(0) G L"^ {a,b]X*) and the derivative of At satisfies the growth condition 

\\DAt{x)\\c(X;X-n < 9{\\T ■ x\\h) {WxW'x ^ + 1) Vx G X Vt G [a, 6] , (3.62) 

for some nondecreasing function g{s) : [0, +oo) — > (0, +oo). We also assume that At{x) is Borel on 
the pair of variables {x,t) (see Definition \2.^) . Assume also that At and $t satisfy the following 
monotonicity and positivity conditions 



(h,{D^t{x + h)-D^t{x)] +DAt(x)-h^ ^ ^ > 

/ \ (2-p)/2 ,„ . 

- g{\\T ■ x\\h) ■ (\\x\\j, + Kt)) ■ \\hrx ■ \\T ■ hll'^-"^ Wx e X, Vh e X Vt e [a,b] , (3.63) 



and 



(x,D'^t{x)+DAt{x)) ^^^^ > i||^lli-C'(||a;||^+l)(||r.x||g ^^+1)-^*) Vx G X, Vt G [a,&], 

(3.64) 



where p G [0,2), g{s) : [0,+oo) — > (0,+oo) is a nondecreasing function, ^lit) G L^(a, 6;M) is a 
nonnegative function and C > is a constant. Finally assume that the mapping r(a;(i)) : {x{t) G 
L«(a, b;X): T- x{t) G L°°(a, b; H)} L«' (a, 6; X*), defined by 

(hit),r{xit))) [' (hit),At{xit))) dt 

\ / Li{a,b;X)xLi'(a,b;X*) Ja ^ /XxX* 

yx{t) G {x{t) G L'^{a,b;X) : T ■ x{t) G L°°{a,b;H)}, V h{t) G L\a,b;X), (3.65) 

is weakly pseudo-monotone with respect to the evolution triple {X, H, X*} (see Definition \3.1\] . Then 
for every wq G H there exists u{t) G L''{a,b; X), such that w{t) :— T ■ (u(i)) G L°°{a,b; H), 
v{t) f ■ {w{t)) = f o T{u{t)) G W^'"^' (a, b; X*) and u{t) is a solution to 

(^{t)+At{u{t))+D^t{u{t)) ^0 fora.e.te{a,b), 

where we assume that w{t) is H-weakly continuous on [a,b\, as it was stated in Corollary \2.1\ 
Moreover, if instead of (|3.63p . Af and $f satisfy the stronger condition 



h,{D<i>t{x + h) - D-^tix)] + DAt{x) -h) > 



9{\T-A\k) 



Ikll^ + MO) ■\\hrx-\\T-h\\%-''^ VxGX,V/zGXVtG[a,6], 

(3.67) 



for some constant /cq > such that fcp 7^ if p > 0, then such a solution to (j3.78l) is unique. 

Proof. Step 1: Existence of the solution. Since the Banach space is separable, by Lemma [2. 101 from 
Appendix we deduce that there exists a separable Hilbert space Y and a bounded linear inclusion 
operator S G £-(¥; X) such that S is injective, the image of 5* is dense in X and moreover, S 
is a compact operator. Then {Y, X, H, X* ,Y*} is an evolution quintette with the corresponding 
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inclusion operators S G C{Y, X), T £ C{X; H), T £ C{H; X*) and S* £ £{X*;Y*) as it was defined 
in Definition 13.21 (here S* is a dual to S operator). Next let ^(y) : Y — > [0,+cxo) be a function 
defined by 

Il2/ll^ + l|y||y Vyer. (3.68) 

Then ^'(y) is a convex function which is Gateaux differentiable on every y £ Y, satisfies ^'(0) =0 
and satisfies the growth condition 

(l/Co)||y|||.-Co <vl^(y) <Co||2/||^ + Co VyGF, (3.69) 

and uniform convexity condition 

(yi-y2,D^{yi)-D^iy2)) > (l/Co) \\yi ~ y2\\l- Vyi,y2Gy, (3.70) 

for some Cq > 0. Thus all the conditions of Theorem 13. II satisfied and therefore, for every wq £ H 
there exists u{t) £ Li{a,b]X), such that w(t) := T ■ {u{t)) £ L°°{a,b;H), v{t) T ■ {w(t)) = 

f o T{u{t)) £ W^'i' {a, b; X*), and u{t) is a solution to ([3^6]) . 

Step 2: Uniqueness of the solution. Assume that $t satisfies p.67p . Then applying Theorem 11.11 
completes the proof. □ 

Remark 3.3. By Lemma [2.61 the solution to p.66|) from Theorem 13.21 satisfies the following energy 
equality: 

IWwmj, + {u{s),Ks{u{s)) + D<^s{u{s))) ^^^ds - \\\w4l yt £ [a, b] . (3.71) 

As a particular case of Theorem 13.21 we have the following Theorem. 

Theorem 3.3. Let {X, H, X*} be an evolution triple with the corresponding inclusion operator T £ 
C{X;H) as it was defined in Definition \2.8\ together with the corresponding operator T £ C{H;X*) 
defined as in l|2.12p . Assume also that the Banach space X is separable. Furthermore, let a,b,q £R 
s.t. a < b and q >2. Next, for every t £ [a,b] let $t(x) : X — > [0,+oo) be a convex function which 
is Gateaux differentiable at every x £ X, satisfies $((0) = and satisfies the growth condition 

0<Mx)<CMx+C yx£X,\ft£[a,b], (3.72) 

for some C > 0. We also assume that $t(a;) is Borel on the pair of variables {x,t). Furthermore, 
for every t £ [a, b] let At{x) : X — )■ X* be a function which is Gateaux differentiable at every x £ X , 
Af(0) £ L'i {a,b;X*) and the derivative of At satisfies the growth condition 

\\DAtix)\\ciX;X*)<9{\\T-x\\H){\\x\\''x^ + l) yx £ X, yt £ [a,b] , (3.73) 

for some nondecreasing function g{s) : [O + oo) — S> (0 + cxd). We also assume that At{x) is Borel on the 
pair of variables {x,t) (see Definition \2.2\) . Assume also that At satisfies the following monotonicity 
conditions 

h,DAt{x)-h) >0 Wx,h £ Xyt £[a,b]. (3.74) 

/ XxX* 

Next let Z be a Banach space, L £ C{X,Z) be a compact linear operator and Gt{z) : Z ^ H be a 
function which is Gateaux differentiable on every z £ Z, G((0) £ L'^ {a,b;Z) and the derivative of 
Gt satisfies the condition 

\\DGt{L-x)\\c(z,H)<9{\\T-x\\H) Vx G X, Vi e [a, 6] , (3.75) 

for some nondecreasing function g{s) : [0 + oo) — > (0 + oo). We also assume that Gt{z) is strongly 
Borel on the pair of variables {z,t). Finally let Ft(w) : H — > X* be a function which is Gateaux 
differentiable on every w £ H, Ft{0) £ {a,b;X*) and the derivative of Ft satisfies the condition 

\\DFtiw)\\ciH;X') < 9{\\w\\h) yw£H,yt£[a,b], (3.76) 
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for some nondecreasing function g(s) : [0 + oo) — > (0 + cxd). We also assume that Ft{w) is Borel on 
the pair of variables {w,t). Next assume that 



X, D^tix) + At(a;) + T • Gt{L . x) + Ft{T ■ x)) > 

I XkX* 

i\\xrx-C{\\x\\x + l){\\T-x\\H + l)-iJi{t) VxeX, e [a,6], (3.77) 



where C > is some constant and ii{t) € L^(a, 6;M) is some nonnegative function. Finally, assume 
that either the inclusion operator T : X ^ H is compact or Ft{w) is weak-to-strong continuous, i.e. 
for every fixed t G [a, b] and every Wn w weakly in H we have that Ft{wn) Ft{w) strongly in X* . 
Then for every wq H there exists u(t) e L'^{a,b; X), such that w{t) := T ■ {u{t)) E L°°{a,b;H), 
v{t) := T ■ = T o T(u{t)) £ W^''^ (a, 6; X*), where q* :~ q/ (q — 1), and u{t) is a solution to 

(<li(t)+At{u{t))+f- Gt{L ■ u{t)) + Ft{wit)) + D^t{uit)) = for a.e.te (a, fe) , 
\w{a) = Wo , 

where we assume that w{t) is H -weakly continuous on [a,b], as it was stated in Corollary \2.1\ 
Moreover, if $4 satisfies the uniform convexity condition 



xi~X2,D'^t{xi)-D<i>t{x2)) > fco lla^i -a;2|lx Va;i,a;2eX, £ [a, 6] , (3.79) 

for some constant fcg > 0, then such a solution to (I3.78P is unique. 

Proof. For every t £ [a,b] let K^l'\x) , Kf'\x) : X — > X* be functions defined by 

h.^^\x) -.^f -GtiL-x) , Af\x) := Ft{T ■ x) , \/x e X . (3.80) 

Then for every j £ {1,2} for any t £ [a, 6] a[''\x) is Gateaux differentiable at every x € X, 
A'f\0) £ L°°{a,b;X*) and by ((3J5l) and (|3J6)) the derivative of a[^^ satisfies the growth condition 

\\DA['\x)\\ciX;xn < 9{\\T ■ x\\„) (||x||«,-Vl) VxeX, Vt £ [a, 6] . (3.81) 

Consider the mappings r(a;(t)),r(i)(x(t)),r(2)(a;(t)) : {x{t) eLi{a,b;X) : T-x{t) eL°°{a,b;H)} 
Li'{a,b-X*) by 

lh{t),T{x{t))) f {h{t),At{x{t))) dt 

\ / Li{a,b-X)xL9* {a,b-X') Ja ^ /XxX* 

\/x{t) £ {x{t) £ Li{a,b;X) : T ■ x{t) £ L°°{a,b; H)} , V h{t) £ L'^{a,b;X), (3.82) 

and 

(hit),r(^\xit))) := f {h{t),A^^\x{t))) dt 

\ / Li{a,b;X)xLi''(a,b;X'') Ja ^ I XxX' 

yx{t) & {x{t) e L''{a,b;X) : T ■ x{t) e L°^{a,b; H)} , V h{t) e L'^{a,b; X) Vj£{l,2}. (3.83) 

Then, since by p.74p . r(x(t)) is monotone mapping, using p.73p and Remark [5?T] we deduce that 
r(x(t)) is weakly pseudo-monotone with respect to the evolution triple {X, H, X*} (see Definition 

ED- 

Furthermore, consider the sequence {u„(t)}^^ C L'^{a,b;X), such that {T • M„(t)}^^ C 

L°°{a,b;H), Un{t) u{t) weakly in L'^{a,b;X), • u„(t)}^^^ is bounded in L°°{a,b;H) and 
T ■ Un{t) T ■ u{t) weakly in H for a.e. t £ (a, 6). Then since the operator L is compact, by 
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Lemma [^771 we deduce that L • u„(t) — > L • u{t) strongly in L'^{a, b; Z). Thus by p.75p we infer that 
f ■ Gt{L ■ Unit)) f ■ Gt{L ■ u{t)) strongly in L«* (a, 6; X*) and in particular 

lim /u„(i)-u(i),r(i)(u„(i))\ =0. 

n^+oc \ / Li{a,b-X)xLi' (a.b-X*) 

So, we deduce that r(^)(x(i)) is weakly pseudo-monotone with respect to {X,H,X*}. Moreover, if 
the operator T is compact then, again by Lemma [2.71 T ■ — T ■ u{t) strongly in L^(a, b; H). 

Thus by ((X75| we infer in this case that Ft{T ■ u„(t)) Ft{T ■ u(t)) strongly in L«'(a,6;X*). 
On the other hand, if T is not compact, we have that Ft is weak to strong continuous, and the 
Ft(T ■ Unit)) Ft{T ■ uit)) strongly in X* for a.e. fixed t. Thus, by (PTTS)) we also obtain in this 
case Ftir ■ Unit)) FtiT ■ uit)) strongly in L'? (a, In particular, in any case, 

lim (unit)^uit),r^^\unit))) =0. 

Therefore, in any case, r(^)(a;(i)) is weakly pseudo-monotone with respect to {X,H,X*}. So, 
we deduce that r(x(t)), r(^)(a;(t)) and r(^)(a;(i)) are weakly pseudo-monotone with respect to 
{X,H,X*}. 
Finally set 

Atix) := Atix) + A'i^\x) + Af\x) = Atix) + f ■ G{L ■ x) + Ft{T ■ x) Wx & X , (3.84) 
and define the mappings f{xit)) : {xit) 6 L?(a,6;X) : T ■ xit) £ L°°ia,b;H)} ^ L«'(a,&;X*) by 

(hit),T{xit))) [' (hit), At (xit))) dt 

\ / L<!{a,b-X)xLi' {a,b;X*) Ja ^ IXxX* 

Wxit) e {xit) G L''ia,b;X) : T ■ xit) G L°°ia,b; H)} , Vhit) G i«(a,6;X), (3.85) 

Then, by Remark |3 . II F (x ft)) is weakly pseudo-monotone with respect to {X, H, X*}. Moreover, by 
([3J4)) . ((3J5t and ([3J6)) we obtain 

(h, DAtix) ■ h)^^^^ > -g{\\T ■ x\\h) ■ \\h\\x ■ \\T ■ h\\H Vx G X, V/i G X Vt G [a, b] , (3.86) 

Thus applying Theorem 13.21 with At instead of At gives the desired result. □ 

Theorem 3.4. Let X and Z be reflexive Banach spaces and X* and Z* be the corresponding dual 
spaces. Furthermore let H be a Hilbert space. Suppose that Q G CiX, Z) is an injective inclusion 
operator such that its image is dense on Z . Furthermore, suppose that P G CiZ, H) is an injective 
inclusion operator such that its image is dense on H. Let T G CiX,H) be defined by T :— P o Q. 
So {X, H, X*} is an evolution triple with the corresponding inclusion operator T G CiX;H) as it 
was defined in Definition \2.8\ together with the corresponding operator T G CiH;X*) defined as in 
()2.12p . Assume also that the Banach space X is separable. Next let a, G M s.t. a <b and q >2. 
Furthermore, for every t G [a,b] let Atiz) : Z X* and Atiz) : Z X* be functions which 
are Gateaux differentiable at every z ^ Z and Af(0),At(0) G (a, 6;X*). Assume that for every 
t G [a,b], they satisfy the following bounds 

\\DMz)\\ciZ;X')^9{\\P-4H) ■ (ll^lir' + l) VzgZ, Vte[a,b], (3.87) 

||At(z)||^. <.g(||P.z||H) • (||io-^|lt-:' + l) VzgZ, VtG [a,6], (3.88) 

and 

ll^^*W||£(Z;X*) ^ 5(11^ • ^11^^) ■ (11^0 • z\\V^,^ + 1) Vz G Z, yt G [a, b] , (3.89) 
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where g{s) : [0, +cxd) (0, +00) is some nondecreasing function, Vq is some Banach space and 
Lq G C{Z;Vo) is some compact linear operator. Moreover, assume that At and At satisfy the 
following monotonicity and positivity conditions 

lh,DAt{z)-{Q-h) + Dkt{z)-{Q-h)) >-5(||P.z||H).(||z|||+/.(t))''"''^^'.||/i||^.||T./i||2"''^ 

Vz e Z, V/i G X, V< G [a, b], (3.90) 

and 

'h,At{Q-h)+Kt{Q-h)) ^^^^ > (l/C')||Q-/i||^-(7(||g-/i||^ + l) ■ + - ti{t) 

yh€X,Wt£ [a,b], (3.91) 

where p G [0,2), g{s) : [0, +cxd) — > (0, +00) is some nondecreasing function, fi{t) G L^{a,b;M.) is 
some nonnegative function and C > is some constant. We also assume that Af (z) At{z) are Borel 
on the pair of variables {z,t). Finally assume that there exists a family of Banach spaces {Vj}^^ 
and a family of compact bounded linear operators where Lj G C{Z,Vj), which satisfy the 

following condition: 

• // {hn}^^^ <Z Z is a sequence and ho G Z , are such that for every fixed j lini„_j.+oo Lj ■ h„ = 
Lj ■ ho strongly in Vj and P ■ hn ^ P • ho weakly in H , then for every fixed t G (a, 6) we have 
A((/i„) ^ At{ho) weakly in X* and DAt{hn) — DAt{ho) strongly in C{Z,X*). 

Then for every ujq G -ff there exists z{t) G L'^{a,b; Z) such that w{t) := P ■ z{t) G L°°{a,b\H), 
v{t) :— T ■ (w{t)^ G W^'"^ {a,b;X*) and z{t) satisfies the following equation 

i^{t)+At{z{t))+At{z{t))=0 fora.e.teia,b), 
1 w{a) = Wo , 



where we assume that w{t) is H -weakly continuous on [a,b], as it was stated in Corollary \2.1\ 
Moreover, if in addition we assume that there exist a Banach space V , a compact operator L G 
C{Z,V), a nondecreasing function g{s) : [0, +00) — ^ (0, +cx)) and for every t G [a,b] a convex 
Gateux differentiable functions $t : Z — > R, Borel measurable on {z,t), and a Gateux differentiable 
mapping Ft{a) : V — ?> Z* , Borel measurable on {a,t), satisfying Ft{Q) G L'' {a,b;Z*) and such that 

0<Mz)<9{\\P-4h)-{\\z\\% + 1) yzeZ,yte[a,b], (3.93) 
\\DFt{L ■ z)\\^^^,^^,^ <g{\\P ■ z\\h) ■ • zjj^-^ + l) Vz G V< G [a, 6] , (3.94) 



an 



d 



h,At{Q-h)+At{Q-h)) >'^t{Q-h) + {Q-h,Ft{{LoQ)-h)) "ih G X , Wt & [a,b] 



then the function zit), as above, satisfies the following energy inequality 
l\Ht)\\l+ (^^s{z{s)) + (^z{s),Fs{L ■ z{s))) ^^^^^ds <^\\wo\\l 



(3.95) 



Vt G [a, b] . (3.96) 



Proof. As before, since the Banach space is separable, by Lemma 12.101 from Appendix we deduce 
that there exists a separable Hilbert space Y and a bounded linear inclusion operator S G C{Y; X) 
such that S is injective (i.e. kerS* = {0}), the image of S is dense in X and moreover, S" is a 
compact operator. Then {Y, X, H, X*, Y*} is an evolution quintette with the corresponding inclusion 
operators S G C(Y,X), T G C{X;H), f G C{H;X*) and S* G C{X*;Y*) as it was defined in 
Definition 13.21 (here 5* is a dual to S operator). Next let ^{y) : Y ^ [0, +00) be a function defined 

by 

bfy + llylll- VyGF. (3.97) 
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Then '^{y) is a convex function which is Gateaux differentiable on every y ^ Y, satisfies ^'(0) =0 
and satisfies the uniform convexity condition. Then by applying Lemma 13.11 we deduce that for 
every ipo ^ Y and every e > there exists V'(^) £ T^Y.qi'^, b) such that w{a) — {T o S) ■ i/jq and ip{t) 
is a solution of 

+ 5* • (^At{z{t)) +At{z{t))^ +eD^'{^j{t)) = for a.e. t e (a, 6), (3.98) 

where ^(t) -.^^S ■ {iP{t)) , z{t) (Q o 5)^. (^(t)) = Q ■ {u{t)) , wit) (T o 5) • {iP{t)) = P ■ {z{t)) , 
ip{t) [S* oToTo S) ■ {ip{t)) — (S* o T) ■ (wit)) and we assume that w{t) is H-weak\y continuous 
on [a,b], as it was stated in Corollarv l2.1l 

Next let wq € H. Then, since the image of the operator T o 5 is dense in H, there exists a 
sequence {ipn^^} C Y such that wi?^ (To 5) -ipn"^ — > wq strongly in _ff as n — )■ +oo. Furthermore, 
let £„ 0+ as n — > +oo. Set ipn{t) G TZy. q{a, b) be a solution of 



'^{t) + S*- (^At{z„{t)) + At(z„(t))) + e„D^{Mt)) = for i G (a, 6) , 



^w„(a) = (T o S*) • V'i"^ 



(3.99) 



where u„(t) := S ■ (?A„(t)) , z„(t) := {Q o S) ■ {Mt)) = Q • ("«(*)), Wn{t) := (T o S*) • (?/,„(t)) = 
P ■ {z„{t)), ip„{t) (S* o T o T o S) ■ {^p„{t)) = (S* o T) ■ (w„(t)) and we assume that w„{t) is 
weakly continuous on [a, 6] (As we saw above such a solution exists). Then by p.99p we deduce 



ds 

XxX* 



<^V'n(s), ^^(s)^^^^^(is + J (un{s),As{zn{s))+As{zn{s)) 

+ en f (Ms),D^{Ms)))^ ^Js = V<G[a,6]. (3.100) 



However, since by Lemma 12.61 we have 

using p. loop we obtain 

^||wn(i)||^+ / /u„(s),As(z„(s)) + As(z„(s))\ ds 

^ -la \ I XxX' 

+ £„/ (Ms),D^!{Ms))) ds^lhl°^\\l yte[a,b]. (3.101) 

However, as before, since ^'(•) is convex and since ^'(■) > 0, ^'(0) = and then also -D5'(0) = we 
have 

(^Mt),D'^{Mt)))^^^, > *(^n(t)) > Vi 6 (a,&). (3.102) 
Therefore, using p.l02p . from p.lOip we deduce 

b\wn{t)\\l+ f (un{s),A,{zn{s)) +As{zn{s))\ ds < Uwl^'' \\l Vt £ [o, &] . (3.103) 

Ja \ I XxX" ^ 



Thus, inserting p.9ip into p.l03p we deduce that there exists Ci > such that 

II l|2 Til ||« / i\s ||2 V'""'^' ( f'u l|2 Y^^ 

\\Wn{t)\\^+J \\Zn{s)\\^ds < Ci+CilJ \\Wn{s)\\ ^ds J -ij \\Zn{s)\\^ds\ 



In particular. 



V< e [a, b] . 
(3.104) 



I ii2 - - / f u ii2 y'-'''^' ( f 

\Zn{s)\\^ds < Ci+CilJ \\Wn{s)\\ ^ds j -ij 



(2-p)/2 ^ i.t xp/2 

z„(s)|f ds Vt G [a,h] . (3.105) 
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Therefore, by p.l05l) . there exists a constant C2 > such that 



\zn{s)y^ ^ds < C2 + C2 I \\wnis)\\j^ds \fte[a,b]. 
Plugging p.l06p into p.l04p we deduce 



Wn{t)\\^ < C3 + C3 \\Wn{s)\\^ds Vt G [fl, 6] . 



(3.106) 



(3.107) 



Thus, as before in p.23p . p.24p and (|3.25p from (I3.107P we obtain that sequence {wn{t)} is bounded 
in L°°{a, b; H). Then by (I3.106P we deduce that that sequence {zn{t)} is bounded in L^(a, &; Z) and 
then by p.l04p we also deduce that that sequence {zn{t)} is bounded in L'^{a,b;Z). Therefore in 
particular, up to a subsequence we have 



Zn{t) ^ z{t) weakly in L'^{a, b; Z) , 
Wn{t) w;(i) weakly in L'^{a, 6; H) , 
Vn{t) v{t) weakly in £''(a, b; X*) , 



(3.108) 



where w„(t) ■=T-Wn{t) = (ToT)-u„(i) and w{t) := P-z{t), v{t) := T-w(t). Next plugging p.lOSp 
into p.lOip and using p.9ip and the facts that {wn{t)} is bounded in L°°{a,b\H) and {z„(i)} is 
bounded in i^(a, 6; Z), we deduce 



^„(s),I?*(V'„(s)) 



Y-kY* 



ds < C4 . 



where C4 is a constant. Then using (|3.102p and p.97p . we deduce from p.l09p . 

rb 

|V'«(s)||yds < C5 . 
Next by (|2.25p in Lemma [2. Ill for some C > we have 



D^iMt)) < c\\Mt)\\l ^ + c yte{a,b) 



and then 



Thus plugging p.ll2p into (I3.110p we deduce 



So, 



lim 

n— ^+00 



,i^*(V'„(i)) 



0. 



(3.109) 

(3.110) 

(3.111) 
(3.112) 

(3.113) 

(3.114) 



Li* (a,b-Y*} 

In particular, plugging p.lOSp . ([3^ . p.ll4p . ([3^ and the fact that {w„(i)} is bounded in 
L°°{a, b; H) into ^^M^ we deduce that 



^(i) is bounded in L«* (a, 6; F*) . 
dt 



Next by (|3.88p . (I3.89P and p. 1081) . up to a further subsequence, we must have 

{At{zn{t)) A{t) weakly in Li{a, b; X*) , 
\At{zn{t)) ^ A{t) weaklyin i«'(a,&;X*). 



(3.115) 



(3.116) 
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On the other hand by (|3.99p and by Coroharv 12.11 for any j3 G [a, 6] and every 5{t) G C^([a, 
we have 

T . (5 . 8m , .„(/3))^^^ - (t . (5 . Sia)) , ^ / • (| W) , 

a 

/(5(t),£„Z?*(i/^„(i))\ dt+ f (s-5{t),At{z,,{t))+At{zn{t))) ds = 0, (3.117) 



Letting n tend to +oo in p.ll7p and using p.lOSp . p.ll6p . p.ll4p and the fact that Wn'' wq in 
H we obtain 



lirn (r.(5.<5(/3)),u;„(/3)\ - ({T ■ {S ■ S{a)) ,wo) - [ ( S ■ (^{t)) ,v{t)) dt 

n-> + oo \ / HxH \ / HxH J \ \ Ctt / / XxX* 

a 

+ f (s ■ {S{t)),A{t)+A{t)\ ds = 0, (3.118) 

a 

for every 6{t) e Ci([a,6];y). Next since the space Y is dense in X, by approximation we deuce 
that for every 6{t) G ([a, b]; such that S{b) = we have 

b _ b 
- (^{T ■5{a),wo)^^^- J (^^{t),v{t)^ dt + J /^S{t),A{t)+A{t)^ ds ^ . (3.119) 

a a 

Thus in particular ^(t) G L«'(a,6;X*) and so w(t) G W^''^' {a,b; X*). Then, since {u;„(t)} is 
bounded in L°°{a,b; H), we have w{t) G L°°{a,b; H) and thus, as before, we can redefine w on a 
subset of [a, b] of Lebesgue measure zero, so that w{t) wiU be i?-weakly continuous in t on [a, &] and 
by p.ll9p we wiU have w{a) — wq. So w{t) is a solution to the foUowing equation 



dt 

XxX* 



\^{t)+ A{t) + A(t) = for a.e. t G (a, b) . 
\w{a) = Wo , 

Thus in particular for any /3 G [a, 6] and every (5(t) G ([a, 6]; we have 
{T-iS. Sm , wiP))^^^ -{iT-iS. Sia)) , .o)^^^ ^ J {s ■ (§(t)) , .(t) 

a 

+ f (s ■ {S{t)),A{t)+A{t)\ ds^O. (3.121) 

\ / XxX' 

a 

Plugging p.l2ip into p.1181) we deduce 

\im ({To S)-y,w„{l3)) ^ ({T o S) ■ y,wi(3)) Vy G F V/3 G [a, &] . (3.122) 

n-^ + oo \ / HxH \ I HxH 

Therefore, since the image of (T o S) has dense range in H and {w„(i)} is bounded in L°°{a, b; H) 
we deduce that 

Wnit)^w(t) weakly in iJ G [a, 6] . (3.123) 

Next there exists a family of reflexive Banach spaces {V^ }^^ and a family of compact bounded 
linear operators {Lj}'j'^, where Lj G £{Z,Vj), which satisfy the following condition: 
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• If {hn}^^i C Z is a sequence and e Z, are such that for every fixed j hni„_).+oo Lj ■ /i„ = 
Lj ■ ho strongly in Vj and P • /i„ — ^ P ■ ho weakly in H, then for every fixed t € (a, b) 
At{h„) At{ho) weakly in X* and DAt{h„) ^ DAt{ho) strongly in C{Z,X*). 

Therefore, using (|3.108p . p.llSp and Lemma \T9\ we deduce that for every j we have Lj ■ z„(i) 
Lj -zit) strongly in L'^(a, 6; V}) as n — J> +00. By the same way we obtain Lo-Zn{t) Lq- z{t) strongly 
in L'^(a, 6; Vq) as n +00. Thus, up to a further subsequence we will have Lj ■ Zn{t) — >■ Lj ■ z(t) 
strongly in Vj for almost every t G (a, b) and every j. Therefore, by (j3.123p and the above condition, 
we must have At{zn{t)) At{z{t)) weakly in X* and DAt{sZn{t) + (1 - s)z{t)) DAt{z{t)) 
strongly in C(Z,X*) for almost every t e {a,b) and for every s G [0,1]. Therefore, using p.88p . 
the fact that {wn{t)} is bounded in L°°{a, 6; H) and the fact that Lq ■ Zn{t) Lq ■ z{t) strongly in 
L*(a, b; Vq), we deduce that 



(/i(i),At(z„(i)))^^^^dt ^ / (^hit),At{zit)))^^^/t Vhit) eLi{a,b,X). 



Thus 

At{zn{t)) ^ At{z{t)) weaklyin L'*(a,&;X*). (3.124) 

In the similar way, by (I3.89p . the fact that {wn{t)} is bounded in L°°{a,b; H) and the fact that 
Lq ■ Zn{t) Lq ■ z{t) strongly in L*(a, b; Vq), we deduce that, for q = 2 we have 

DAt {szn{t) + (1 - s)z{t)) DAt {z{t)) strongly in C{Z, X*) for a.e. t e (a, b) Vs G [0, 1] 

and DAt{szn{t) + {1 - s)z{t)) is bounded in L°°(a, 6; X*)) uniformly by s . (3.125) 

and for q > 2 we have 

DAt {szn{t) + (1 - s)z{t)) DAt {z{t)) strongly in L^/f-J-^) (-^^ ^. x*)) Vs G [0, 1] . (3.126) 
In both cases 

\^DAt{sZn{t) + {1 - s)z{t))y ■ h{t) ^ \^DAt{z{t))y ■ h{t) strongly in L'''{a,b,Z) 

yh{t) G L9(a, &, X) Vs G [0, 1] , (3.127) 

where {DAt{-)}* G C{X,Z*) is the adjoint to DAt{-) G C{Z,X*) operator. Thus, by (jMi), the 
fact that {wn{t)} is bounded in L°°{a,b; H) and the fact that Lq ■ Zn{t) Lq ■ z{t) strongly in 
L9(a,&;yo), together with p.l27p and (|3.108p we obtain 



h{t),At{zn{t)) ^ At{z{t))^ ^^^dt 

h{t),DAt\sZn{t) + (1 - s)z(t)) ■ [zn{t) - zit)] ) dtds 
/(zn{t)-z{t)\JDAt{sZn{t) + {l~s)z{t))y-h{t)\ dtds ^ V/i(t) G L'^{a,b,X) 



Ja ^ ^ ' ^ ' I Zy.Z* 

So, by (|3.116p . and (|3.124p we have A{t) = At{z{t)) and A{t) = At{z{t)), and thus using (I3.120p we 
finally deduce that z{t) is a solution to (|3.92l) . 

Finally, assume that there exist a reflexive Banach space V, a compact operator L G C{Z, V), and 
for every t G [a, b] a convex Gateux differentiable functions $t : Z ^ K and a Gateux differentiable 
mapping Ft{a) : V ^ Z* satisfying (I3.93p . (I3.94p and p. 951) . Then, since, as before, we have 
L ■ Zn{t) — > L ■ z[t) strongly in L'^{a,b;V), we deduce that, up to a subsequence, Ft^L ■ Zn{t)) — )■ 
Ft [L ■ z{t)) strongly in i«' (a, 6; Z*). On the other hand by ((X^ and (I3.103P we infer 

l\\wnit)\\l + J^ (^'^s{zn{s)) + (z„{s),Fs{L-Znis)))^^^yjds<^\\wl^^\\l Vi G [a, 6] . (3.128) 

Therefore, letting n tend to +c>o in (I3.128P and using (|3.123p . (|3.108p and the convexity of $t we 
finally obtain ([3J6)) . □ 
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As a particular case of Theorem 13.41 we have the fonowing Theorem. 

Theorem 3.5. Let X and Z be reflexive Banach spaces and X* and Z* be the corresponding dual 
spaces. Furthermore let H be a Hilbert space. Suppose that Q G C{X, Z) is an injective inclusion 
operator such that its image is dense on Z . Furthermore, suppose that P G C{Z, H) is an injective 
inclusion operator such that its image is dense on H. Let T G C{X,H) be defined by T :— P o Q. 
So {X, H, X*} is an evolution triple with the corresponding inclusion operator T G C{X;H) as it 
was defined in Definition \2.8\ together with the corresponding operator T G C{H;X*) defined as in 
()2.12|) . Assume also that the Banach space X is separable. Next let a,b d W s.t. a < b. Furthermore, 
for every t G [a,b] let At G L°° (^a,b; £{Z, X*)^ . which satisfies the following positivity condition 

(h,Af{Q-h)) >0 VheX ,yte[a,b]. (3.129) 

Next let V be a Banach space, L G C{Z, V) be a compact linear operator and Gt{h) : V ^ H be a 
function which is Gateaux differentiable on every h d V , G'f(O) G L'^{a,b;V) and the derivative of 
Gt satisfies the condition 

\\DGtiL-h)\\civ-H) <9{\\P-Hh) yheZ,yte[a,b], (3.130) 

for some nondecreasing function g{s) : [0,+cxd) — S- (0,+cxd). We also assume that Gt{h) is Borel on 
the pair of variables {h,t) (see Definition \ 2.2\) . Next let Ft{w) : H — )■ X* be a function which is 
Gateaux differentiable at every w ^ H for every t G [a,b], and satisfies Ft{0) G L^(a,b; X*) and the 
Lipshitz condition 

ll^^*HlL(H;x-) ^ffdl^ll^) yweH,Vte[a,b], (3.131) 

for some nondecreasing function g{s) : [0, +oo) — >■ (0, +cx)). We also assume that Ft{w) is Borel on 
the pair of variables {w,t). Moreover, suppose that At Gt and Ft satisfy the following lower bound 
condition 

h, At ■ {Q ■ h) +f ■ Gt{{L o Q) . h) + Ft{T ■ h)\ > 

I XxX' 

{1/C)\\Q ■ h\\l ~ c(\\Q ■ h\\l + 1^ ■ (||T-/i||JJ"^^ +l) -^i{t) yheX,yte [a,b], (3.132) 

for some constants p G [0,2) and G > and a nonnegative function /i(t) G L^{a,b;M.). Finally 
assume that there exists a family of reflexive Banach spaces {Vj jjt?^ and a family of bounded linear 
operators {Lj}^J^, where Lj G C{L[,Vj), which satisfy the following two conditions: 

(a) For all j the operator Lj o P is compact. 

(b) If {hn^f^^i C H is a sequence such that for every fixed j hmf,_j.+oo Lj ■ hn — Lj ■ ho strongly 
in Vj and hn ho weakly in H , then for every fixed t G (a, b) Ft{hn) ~^ Ft{hQ) weakly in X* . 

Then for every wq d H there exists z(t) G L^{a,b; Z) such that w{t) := P ■ z{t) G L°°{a,b; H), 
v(t) := T ■ {w{t)^ G W^''^{a,b; X*) and z{t) satisfies the following equation 

(^{t)+Af{zit))+f-Gt{L-zit))+Ft{wit))^0 for a.e.teia,b), ^^^^ 
[w{a) = Wo , 

where we assume that w{t) is H-weakly continuous on [a,b], as it was stated in Corollary \2.1\ 
Moreover if we assume in addition that there exist a reflexive Banach space E , a compact operator 
Lo G C{Z,E), and for every t G [a,b] a Gateux differentiable mapping Ht{Q : E — > Z* , measurable 
on {C,t), such that -fft(O) G L^{a,b; Z*) and satisfying 

\\DHt{Lo-z)\\^^^,^^,^<g{\\P-z\\H) G Z, Vi G [a, 6] (3.134) 
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for some nondecreasing function g(s) : [0,+C!o) (0,+oo), and satisfying 

(h,Af{Q-h) + Ft{T-h)) > (Q-h,Af{Q-h) + Ht({LooQ)-h)) Vh e X , Vie [a,b], 

(3.135) 

where At G L°° (a, &; £(Z, Z*)) is such that {z,At ■ z')^^^, > \/z E Z , then the function z{t), as 
above, satisfies the following energy inequality 

hMt)\\l+ f (z{s),As-{z{s))+f-Gs{L-z{s))+Hs{Lo-z{s))) ds < hwo\\l Vt e [a, 6] . 

(3.136) 

As a particular case of Theorem 13. 5[ where Z = H, we have the following statement, which is 
useful in the study of Hyperbolic systems. 

Corollary 3.1. Let {X^ X*} be an evolution triple with the corresponding inclusion operator T G 
C{X]H) as it was defined in Definition \2.8\ together with the corresponding operator T G C{H;X*) 
defined as in (|2.12p . Assume also that the Banach space X is separable. Next let a,b E R s.t. a < b. 
Furthermore, for every t G [a,b] let At G L°° [a,b; C{H, X*)^ , which satisfies the following positivity 
condition 

(h,Af(T-h)) >0 Vh e X , yt e[a,b]. (3.137) 

Next let Ft(w) : H — > X* be a function which is Gateaux differentiable on every w E H for every 
t G [a,b], and satisfies -Ft(O) G Lp'{a,b] X*) and the Lipshitz condition 

\\DFt{w)\\^^^,^,^<g{\\w\\H) \/weH,ytE[a,b], (3.138) 

for some nondecreasing function g{s) : [0, +oo) — > (0, +oo). We also assume that Ft{w) is Borel on 
the pair of variables {w,t) (see Definition \2.^} . Moreover, assume that Ft is weak to weak continuous 
from H to X* for every fixed t i.e. for every sequence {/in}^^ C H such that hn ho weakly in 
H and for every t G [a,b], we have Ft{hn) Ft(ho) weakly in X* . Finally suppose that At and Ft 
satisfy the following lower bound condition 

(h.Af {T ■h) + Ft{T -h)^ ^ ^^>~c{\\T-h\\\ + l^-liL{t) \Jhe X ,ytE[a,b], (3.139) 

for nonnegative function fi(t) G L^{a, b; R) and some constant C > 0. Then for every wq E H there 
exists w{t) e L°°{a,b;H), such that v{t) := f ■ {w{t)) £ W^-'^{a,b; X*) and w{t) satisfy the following 
equation 

i^{t)+Af{w{t))+Ft{w{t))=0 fora.e.te{a,b), ^^^^ 
\w{a) = Wo , 

where we assume that w{t) is H-weakly continuous on [a,b], as it was stated in Corollarv \2.1\ 

4 Applications 

4.1 Notations in the present section 

1 /2 

For a, p X q matrix A with ij-th entry aij we denote by \A\ = (Sf^iSj^iaf^-)^ the Frobenius norm 
of ^. 

For two matrices A,Be M.^^"^ with ij-th entries Oij and 5^- respectively, we write A : B := 
p 1 

E E 0,^Jb,J. 

i=\i,=\ 

Given a vector valued function f{x) ~ (/i(a:), . . . , fk{x)) : Q ^ M.'' C M.^) we denote by Vxf 
the k X N matrix with ij-th entry 

For a matrix valued function F{x) := {F^j{x)} : -)■ R*=''^ we denote by div F the R^^'-valued 
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vector field defined by div F := (Zi, . . . , Ik) where k = Yl ~d^- 

For u= . . . , Up) G MP and v = {vi, . . . ,Vq) G R'' we denote by u<Siv the px q matrix with ij-th 
entry UiVj. 

4.2 A general parabolic system in a divergent form 

Let '^{A,x,t) : R^^^ x x — >■ R be a nonnegative measurable function. Moreover assume 

that ^{A,x,t) is as a function of the first argument A when (x.t) are fixed, which satisfies 
"^(OjXjt) = and it is convex by the first argument A when {x,t) arc fixed, i.e. 

*(aAi + (1 - a)A2,x, t) < a*(Ai, x, t) + {l- a)*(A2, x, t) 

for every a e [0, 1], Ai,A2 € R''^'^, x gR^ and t gR. Moreover, we assume that * satisfies the 
following growth condition 

(1/C7)|A|9 - \go{x)\ < ^{A,x,t) < QAl" + \go{x)\ VA e M*^^, \fx G R^ , VtGR, (4.1) 
where C > is some constant, go{x) G L^(R^,M) and q G [2,+oo). Next let r{A,x,t) ■ - 

TD-'V „ TO . , mkxN 



X 



be a measurable function. Moreover assume that T{A, x, t) is as a function of 
the first argument A when (x, t) are fixed, which satisfies, 

r(0, X, t) G L"' (M; , (4.2) 

the following monotonicity condition 

^ ^ HijHmn^rf^{A,x,t)>Q V/f,^eR'=^^, VxgM^, VtGK, (4.3) 



'^<hn<N l<i,m<k 

and the following growth condition 

dT 



dAij 



{A,x,t) 



<C\A\i-^ + C 

e M'=''^, Vx e M^, Vt G M, Vi e {!,..., fc}, Vi e {!,..., AT}, (4.4) 



where C > is some constant. Finally let E{B,x,t) : M| x R^ x Rt -> R*^^^ and Q{B,x,t) : 
Rg x R^ X R( — >• R*^ be two measurable functions. Moreover, assume that S(B, x, t) and 6(i?, x, t) 
are as a functions of the first argument B when [x, t) are fixed. We also assume that S(B, x, 
and Q{B,x,t) are globally Lipschitz by the first argument B and satisfy 

S(0,x,t) Gi9*(R;L2(R^,R'=^^)), e(0,x,t) G L«* (R;i2(R^,R'=)) . (4.5) 

Proposition 4.1. iei 5*, F, S, 6e as above and let O, C R^ be a bounded open set, 2 < q < +oo 
and To > 0. Then for every wq{x ) e L^{n,R'') there exists u{x,t) G L'?(0,To; VFo''^(rj,R*=)), such 
that u{x,t) G L°°(0,ro;i2(f7,M'=)) n W^^"^ {0,Ta;W-^''^' {n,R'')) , where q* := q/{q - I), u{x,t) is 
L?{yi,R^) -weakly continuous on [0,To], u(x, 0) = wq{x) and u{x,t) is a solution to 

^{x,t) = Q{u{x,t),x,t) + divx(^^{u{x,t),x,t)^ + 

diVa,(T{\/a:u{x,t),x,t)'j +div^(^DA'l'{V^u{x,t),x,t)'j toOx(0,To), (4.6) 

where 

DA^{A,x,t):^{^{A,x,t)] GR''^^. 

I CAjj J l<i<k,l<j<N 

Moreover if '^{A,x,t) is a uniformly convex function by the first argument A then such a solution 
u is unique. 
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Proof. Let X := Wo^''^(ri, M'^) (a separable reflexive Banach space), H :— L^(ri, M*^) (a Hilbert space) 
and T e C{X;H) be a usual embedding operator from W^'^fl^R'') into L'^{n,R''). Then T is an 
injective inclusion with dense image. Furthermore, X* = W'^'i' {n,R'') where q* = q/{q - 1) and 
the corresponding operator T € C{H; X*)^ defined as in (|2.12p . is a usual inclusion of i^(ri, M*^) into 
W~^''^ {Q,,R^). Then {X, i7, X*} is an evolution triple with the corresponding inclusion operators 
T e C{X;H) and T e C{H\X*), as it was defined in Definition Moreover, by the Theorem 
about the compact embedding in Sobolev Spaces it is well known that T is a compact operator. 
Next, for every t € [0,ro] let <I>f(a;) : X ^ [0, +00) be defined by 

$t(u) := / 4'(Vw(x),x,t)dx+ ^ / \u{x)\'^dx Vw S W^^'^CrJ, R'') ee X . 



where 



if is bounded , 
if is unbounded . 



(4.7) 



Then <i>t(x) is Gateaux differentiable at every x £ X, satisfy $t(0) = and by (|4.1[) it satisfies the 
growth condition 

{l/C)\\x\\\-C <^t{x)<C\\x\\\ + C VxeX, Vi e [0,r], 
Furthermore, for every t e [0,To] let A((a;) : X X* be defined by 

(s,At{u)) -.^ [ T{\/u{x),x,t) -.VSixjdx \fu,S e W^'''{n,R'') = X . 

Then At{x) : X — X* is Gateaux differentiable at every x ^ X, and, by (|4.4p its derivative satisfies 
the growth condition 

\\DAt{x)\\ciX;X')<C\\xrx-^ + C VxeX, v<e[o,ro], 
for some C > 0. Moreover, by (|4.3I) . At satisfy the following monotonicity conditions 



h,DAt{x)-h) >0 Vx, /i e X V< G [0, To] . 

/ XxX' 

Finally for every t G [0, To] let Ft{w) : H ^ X* he defined by 

(^6,Ft{w))^^^^ := [ {~{w{x),x,t) ■.^5{x)~(knw{x)+Q{w{x),x,t)) ■ 5{x) 



dx 



yw € L^{n,R'') = H, ydew^'''{n,R'') = x. (4.8) 

Then Ft{w) is Gateaux differentiable at every w ^ H, and, since S and Q are Lipshitz functions, 
the derivative of Ft{w) satisfy the Lipschitz condition 

\\DFt{w)\\ciH;X')<C yweH,yte[0,To], (4.9) 



for some C > 0. Thus all the conditions of Theorem 13.31 are satisfied. Applying this Theorem 
completes the proof. □ 



Remark 4.1. If in the framework of Proposition 14.11 we suppose q = 2 and that Da'9{A, x,t) and 
T{A,x,t) are linear by the first argument A, however we assume that Q is unbounded, we obtain 
the similar existence result as in Proposition 14. 11 as a consequence of Theorem 13.51 with Z = X. 

Indeed in the case of unbounded fl, let Vj = L^{n D Br.{Q),R'') for some sequence Rj — > +oo 
and set Lj G JC,{H, Vj) by 

Lj ■ {h{x)) h{xynr\BR^{o) G L^innBR^{o),R'') = Vj yh{x) g L^{n,R^) = h. 

Then by the standard embedding theorems in the Sobolev Spaces the operator ij o T G C{X,Vj) 
is compact for every j. Moreover, if {ft,„} C is a sequence such that hn ho weakly in H and 
Lj ■ hn — > Lj ■ ho strongly in V, as n — >■ +oo for every j, then we have /i„ — )• ho strongly in Lf^^{il, R'') 
and thus, by ()4.8p and (|4.9p we must have Ft{hn) Ft[ho) weakly in X* . 
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4.3 Parabolic systems in a non-divergent form 

Let : x x — R be a nonnegative measurable function. Moreover, assume 

that 'if{L,x,t) is as a function of the first argument L when {x,t) are fixed, which satisfies 
^{0, x,t) = and it is convex by the first argument L when {x, t) are fixed, i.e. 

+ (1 - a)L2,x,t) < a*(Li,a;,i) + (1 - a)*(L2,a;,i) 

for every a € [0, 1], Xi,I/2 e M*^, x G and i e M. Moreover, we assume that * satisfies the 
following growth condition 

(l/C)|i|9-C<*(L,x,t)<C|L|« + C VLgM'=, VxgM^, eM, (4.10) 

where C > is some constant and q G [2,+oo). Next let r(L,a;,i) : x x M'' be a 

measurable function. Moreover, assume that T{L, x, t) is as a function of the first argument L 
when [x, t) are fixed, which satisfies 

r(0, X, t) G L«* (M; i2(K^, ]R*=)) , (4.11) 

the following monotonicity condition 

dT 

hihj-^{L,x,t)>0 V/i,LgM'=, Va;GM^, VtGM, (4.12) 

and the following growth condition 

< C|i|«-2 + C VL G K'^, Va; G K^, G M, Vj G {l,...,fc}. (4.13) 

Finally let Q{A, L, x, t) : R''/^ xR^xR^ x R*^ be a measurable function. Moreover, assume 
that @{A, L, X, t) is as a function of the first two arguments A and L when {x, t) are fixed. We 
also assume that Q{A, L, x, t) is globally Lipschitz by the first two arguments A and L and 

6(0, 0, X, t) G L«* (M; ^^(rJV^ j^fe^^ _ (4_;^4) 

Proposition 4.2. Let F, 6e as a&ove and let C be a hounded open set, 2 < q < +oo and 
To > 0. Then for every wo{x) G Wo'^(n,R'=) there exists u{x,t) G Li{0,To;W^^^{fl,R'')) , such that 
A^u{x,t) G i'?(0,To;L«(fi,R'=)), M(a;,t) G i°°(0,To; Wo'^(f^, IR'=)) n W^'-?* (O, Tq; L«* (fi, M*)) ,w;/iere 
9* •= l/iQ^ 1); w(a;, t) «s WQ'^{il,,R'') -weakly continuous on [0,To], u{x,0) = wo{x) andu{x,t) is a 
solution to 

d/Ui 

— (a;,t) = Q{V xu{x,t),u{x,t),x,t)+T{A^u{x,t),x,t)+V L^{A^u{x,t),x,t) in Q.x{Q,Ta) , 

(4.15) 

where VL^{L,x,t) is a partial gradient by the first variable L. Moreover if ^{L,x,t) is uniformly 
convex function by the first argument L then such a solution u is unique. 

Proof. Let 

X |u(x) G Wl'^{Vt,R'') : Au{x) G L«(f7,IR'=)} , (4.16) 
for 2 < g < +00 endowed with the norm 

\\u\\x := II Au|U,(o,M.) + II Vw|U2(n,M^x«) Vw G X c W^'^{fl, R'^) . (4.17) 

Thus X is a separable refiexive Banach space. Next let H := Wq '^(fi, R'') endowed with the standard 

scalar product < (f>i,(f>2 >hxh= Jq^4>i{x) ■ ^4'2{x)dx (a Hilbert space) and T G C{X\H) be a 
trivial embedding operator from X C VFq '^(fJ, M*^) into H = Wq''^{^,R^). Then T is an injective 



{L,x,t) 
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inclusion with dense image. Moreover, T is a compact operator. In order to follow the definitions 
above we identify the dual space H* with H. So in our notations {W(}'^(17, R'=)}* = Wo'^(fi,M'=) 
(although in the usual notations { M^q '^(f2, R'^)}* identified with the isomorphic space W^'^''^(^l^ M.^)). 
Next define S e (17, M'^), X*) by the formula 

(s.S-h) = - I h{x) ■ M{x) dx eX,yheL'''{n,R''). (4.18) 



XxX* 

Then, since for every (/) e i«(rj,R'=) there exists unique G X such that AS^ — 4> we deduce that 
S is an injective inclusion (i.e. ker S = 0). For the corresponding operator T G C{H; X*), by (j2.12p 
and (|4.18p we must have 

(.,f..),^,, (T..,.),^, . / V.(.) : VMx)dx = - / .(.).A.(.)d. = Us-iL-n.)) 

Jn Jn ^ / xxx* 

for every w G H and u G X , (4.19) 
where i is a trivial inclusion of M^q '^(f7, R'^O into L9*(r2,R'=) [q* < 2). So 

f = SoL. (4.20) 

Then {X, H, X*} is an evolution triple with the corresponding inclusion operators T £ C{X; H) and 
T e C{H;X*), as it was defined in Definition [ZB 

Next, for every t e [0,To] let $t(a;) : X [0, +cx)) be defined by 

<^t{u):= {y{Au{x),x,t) + ^\Vu{x)\^^dx \/u £ X . 

Then ^t{x) is Gateaux differentiable at every x £ X, satisfies $((0) = and it satisfies the growth 
condition 

{l/C)\\x\\\-C <<^t{x) <C\\x\\\ + C VxeX, Vte [0,To]. 
Furthermore, for every t e [0,ro] let At{x) : X — > X* be defined by 

(s,At{u)) := [ r{Au{x),x,t) ■ AS{x)dx Vu,S £ X , 

\ / XxX' Jq 



I.e. 



Atiu) ^ -S ■ (T{Au{x),x,t)'j yu£X. (4.21) 



Then At{x) : X — ^ X* is Gateaux differentiable at every x £ X, and, by (|4.4p its derivative satisfies 
the growth condition 

\\DAt{x)\\ciX;X')<C\\x\\'j,-^ + C yx£X, v<e[o,ro], 
for some C > 0. Moreover, by (|4.3I) . Aj satisfies the following monotonicity conditions 

h,DAt{x)-h) >0 Vx, /i e X Vt e [0, To] . 

/ XxX' 

Finally for every i £ [0,To] let Ft(w) : H ^ X* be defined by 

(5,Ft{w)) := [ (e{\/w{x),w{x),x,t)+w{x))-AS{x)dx Vw £ VFq '^(17, M*^) = iJ, V5 e X , 

\ / XxX' \ I 

i.e. 

Ft{w) = -S■{^{^w{x),w{x),x,t)^^w{x)^ \lw£R. (4.22) 

Then Ft(w) is Gateaux differentiable at every w £ H, and, since is a Lipshitz function, the 
derivative of Ft(w) satisfies Lipschitz condition 

\\DFt{w)\\ciH;X') <C yw£H,\/t£ [0,ro] . (4.23) 
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Thus all the conditions of Theorem 13.31 are satisfied. Applying this Theorem and (|4.18p . we 
obtain that for every wo{x) G Wo'^(r2,M'=) there exists u{x,t) € L''{0,To;W^^^{n,R'')), such that 
u{x,t) e L°°{0,To;W^'^{n,R'')) ,where q* q/{q - 1), u{x,t) is M/J '^(r2, R'=)-weakly continuous 
on [0,To], u(x,0) = wo{x) and u{x,t) is a solution to 

'^{t)+kt{u{t))+Ft{w{t))+D'i't{u{t))^Q fora.e. t G (0,To). (4.24) 

Thus, by g^, (I4l8l) . (|4:20l) . (gH]), and LemmaOwe infer that M(a;, ^) G (O, Tq; L?* (rj, R*^)) 

and 

- -^i^it) + xu{x,t),u{x,t),x,t) 

+ T{l:^^u{x,t),x,t) + VL*(A^M(a;,t),a:,t)| • /:\5{x)dx = 

Vi G (0,To), V(5(a;) G X. (4.25) 



n 



Therefore 



du 

— (a;,i) = e(V:ru(a;,i),w(a;,t),a;,t) + r(A:rw(a:^, 0, a;, + VL*(A:rM(2:, t), a;, i) 

V(a;, t) G 17 X (0, To) , (4.26) 

and the result follows. □ 
4.4 Hyperbolic systems of second order 

Proposition 4.3. Let VL dR^ be an open set and To > 0. Furthermore, let S(L, x, t) : R\ x x 
Rt -^R*^^^, T{L,x,t) : R^ X x Mt R*^ andQ{L,x,t) :Rf,xMf xRt -^R^ he measurable func- 
tions. Moreover, assume that 'E,(L , x , t) , T(L,x,t) and Q{L,x,t) are as a functions of the first ar- 
gument L when (x, t) are fixed. We also assume that T(L, x, t) Vj,T(i, x, t), 0{L, x, t), 'B.{L, x, t) and 
Vj;S(L,x,t) are globally Lipschitz by the first argument L, T{L,x,t) is globally Lipschitz by the last 
argument t, e(0,x,t) G {R; L^iR'^ ,R'')) , E{0,x,t) G L^^K; vi/1,2(kW^ ^fcxiV)^ andT{0,x,t) G 

L^{R;W^'^{n,R'')). Then for every wo{x) G W^'^{n,R'') and ho{x) G L^{n,R'') there exists 
u{x,t) G L°°(0,ro; Wo'^(r2,R'=)) such that^{x,t) G L°° {Q,To] L^{n,R^))r\W^'^{0,To;W-^'^{n,R^)) , 
u{x, t) is Wq '^{Q., R^)-weakly continuous on [0, Tq], ^{x, t) is L^{fl, R^)-weakly continuous on [0, Tq\, 
u{x,Q) ~ wo{x), ^(x,0) = ho{x) and u{x,t) is a solution to 

d^u 

-^(x,t) - Aj:u{x,t) + dt{T{u{x,t),x,t)} + diVrc{E{u{x,t),x,t)} + Q{u{x,t),x,t) = 

m nx (0,To). (4.27) 

Proof Let Xq := {ip G W^q '^(f7, R''^) n (r2,R'=) : Aip G L'^{n,R'')} endowed with the norm 

Mx„ v/||A^|li.(n,M^) + l|v<^||i.(„^«..„) + Ml.^n,^^ G Xo c w^^^{n,R^)nw^-'(n,R'') , 

(4.28) 

Then Xq is a separable refiexive Banach space. Next let Hq :~ WQ''^{il,R'') endowed with the 
standard scalar product < 4'i,4'2 >hxh= (V(/)i(a;) : \7(p2{x) + (j)i{x) ■ (l>2{x)) dx (a Hilbert space) 
and % G C{Xq;Hq) be a trivial embedding operator from Xq C '^(f^, R'') into Hq = Wg''^{n, R'^). 
Then To is an injective inclusion with dense image. As before, in out notations, {VFg '^(17, R'=)}* = 
WQ^'^(f2, R*^) (although in the usual notations {Wg^'^(n, R'^)}* identified with the isomorphic space 
T/F-i'2(f^,Mfe) ). Next, define Sq G C{L'^{n,R''), X^) by 

{6,So-h)^^^,^^,^l'(s{x)-AS{x)yh{x)dx WS e Xq, yh e L^{il,R^) . (4.29) 
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Then, since for every cj) e L^(r2,M'^) there exists unique (5^ e Xq such that (AJ^ — S^) = we 
deduce that 5*0 is injective inclusion (i.e. ker^o = 0). As before, {Xq, Hq, Xq} is an evolution triple 
with the corresponding inclusion operators To G jC{Xo', Hq) and To G -^(-ffoS^o)' defined 
in Definition 12.81 bv 

Xoxx* ("^ ' ^' '^)hoxHo every ip € Hq and 5 £ . (4.30) 



^0 X^Vq 

However, 



|^5(x) — AS{x)j ■ ip{x)dx — 1^6, [Sq o L) ■ ^) Xgxx* every ip ^ Hq and (5 G , (4.31) 



where L e £(Wo '^(17, R'=), 2.2(^2, R'^)) is a trivial inclusion of W^J '^(rj, «*=) into ^^(fi^Rfc), Thus 
plugging (|43T|) into (|430)) we obtain 

Tq ■ ip = Sq ■ {L ■ (f) for every ip & Hq . (4.32) 

Next, asinthcproofof Propositionim let := W^J ^^(r2, R''), Hi := £2(^7^^^) and Ti G C{Xi;Hi) 
be a usual embedding operator from Wo'^(rj,K'=) into L2(f7^i^/c)_ j.^^^ j,^ 

is an injective in- 
clusion with dense image. Furthermore, X^ = W~^''^{^l,M.^) and the corresponding operator 
Ti e C{Hi]Xl), defined as in (^T^ . is a usual inclusion of L'^in^W') into Rfc)^ xhus 

{Xi, iJi, Xj*} is another evolution triple with the corresponding inclusion operators Ti G /^(^i; ffi) 
and Ti G C{Hi; X^), as it was defined in Definition 12.81 Finally set 

X :=[ {u{x), v{x)) : u{x) : n R'' , v{x) : n ^ K.^ 

u{x) G Xo c w^^^{n,R'') n w^^\n,R''), v{x) ex^- WQ'^{n,R'')^ . (4.33) 

In this space we consider the norm 

ll-llx ^/Ml^TMh = Vl|A"lli.(.,«.) + Ml...,,^,., + V. = (u, «) G X . 

(4.34) 

Thus X is a separable reflexive Banach space. Next set 



H 



r,k 



I {u{x),v{x)) : u{x) : R^ u(x) : Q 

u{x) G iTo = M^o^^(rj,M''), v{x) eHi= L^{n,R'')^ . (4.35) 
In this space we consider the scalar product 

< Zi,Z2 >HxH- = < Ui,U2 >HoxHo + < Vi,V2 >HixHi 
= / {Vuiix) ■.VU2ix) +Ui{x) ■ U2ix) +Vi{x) ■ V2ix)}dx '^Zi = (ui^Vi), Z2 = {U2,V2) e H . 

Jn 

(4.36) 

Then iT is a Hilbcrt space. Furthermore, consider T G C{X, H) by 

T ■ z= {ro-u,Ti-v) Vz=(u,u)gX. (4.37) 
Thus T is an injective inclusion with dense image. Furthermore, 

X* := |(u,w) : w G Xq*, u G XI = W~^'^{n,R'')^ , (4.38) 
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where 

{S,h)^^^, = {So,ho)^^^^,+ (Suhi)^^^^, yS = {So,S,)eX, Vh = {ho,h^) e X* , (4.39) 
and 

Mx' ■■= {M% + \\v\\j,,y^' Vz = {u, v)eX*. (4.40) 

Moreover, the correspondmg operator T E C{H;X*), defined as in (I2.12p . is defined by 

f • z = (7B • w,Ti -u) Vz = (M,u)Gi/. (4.41) 

Thus {X, H, X*} is an evolution triple with the corresponding inclusion operators T e C{X; H) and 
f e C{H] X*), as it was defined in Definition!^ 
Next let A e C{H,X*) be defined by by 

A- {So-v,Au-u) \fz = {u,v) e H (i.e. u e Wo'^{n,R''), v e L^ifl^R'')) (4.42) 

Then using (|4?39| and (|429)) we deduce 

(h, A . (T . h))^^^^ . So • (T, . .))^^^^^ + A(ro . .) - To . .)^^^^, 

= J v{x) ■ (u{x) — Au{x)^ dx — J ^Vu(x) : \/u{x) + v{x) ■ u{x)^ dx ~ Vh ^ {u,v) £ X . 

(4.43) 

Furthermore, for t £ [0,To] let Ft{z) : H H he a function defined by 

Ft{z) (T{u{x),x,t),u{x) - e{u{x),x,t) - div^E(u{x),x,t)^ Vz = {u,v) G H, (4.44) 
(We have T{u{x),x,t) G Wo'^(17,R'=) for a.e. t), i.e. 

(Ft{z),zo) = (\7x{T(u{x),x,t)} -.Vuoix) + T{u{x),x,t) ■uo{x)]dx+ 

\ f HxH ,/o V / 

u{x) — 9(u(a;), x, t) — divx'^{u{x), a;, t) j- • vo{x)dx 

Vz = (u, w) G iJ, Vzo = (uo, vo) eH. (4.45) 

Then it satisfies the following conditions 

\\Ft{z)\\H <C\\z\\H + f{t) VzGif, V< G [0,To], (4.46) 



and 

||roi^^^,(z)||£(H;x-) <C VzGff, VtG [0,ro], (4.47) 

for some C > and some f{t) G L^(0,To;M). Moreover, for bounded fi, since the embedding of 
Wq''^ {fljR'^) into L^(f2,R'^) is compact we obtain that Ft is weak to weak continuous on H. If we 
assume fl to be unbounded then, for every fl' CC fi, -Ft is weak to weak continuous, as a mapping 
defined on H with the valued functions, restricted to the smaller set fl' . Therefore, since il' is 
arbitrary, using (|4.46l) we deduce that in any case Ft is weak to weak continuous on H. Then all 
the conditions of Corollarv 13. II satisfied and by this Corollary for every wq G W^Q^'^(ri, M'^) and every 
ho G L2(f7^Mfc) there exists C(i) G L°°{Q,To]H), such that ^{t) f ■ {({t)) G W^'^{0,To; X*) and 
(^(t) satisfies the following equation 

r § (t) + A . {m) +f-Ft im) = O for a.c. i G (0, To) , 
\C(0) (^«o(a;), ~ho{x) - T(wo(a;), x, O)^ , 
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where we assume that C(i) is weakly continuous on [0,To], as it was stated in Corollary 12.11 
We can rewrite as follows. Let (u{x,t),v{x,t)) = C{t)- Then by (lOg)) . (|i371) . (|132I), 

K45\i . Km and LemmaO u{x,t) e (O, Tq; '^(17, R'=)) nW^'^{0,To;L^{n,R'')), v{x,t) G 
(0, To; L^{n, ]R'=))nVFi^2 (-q^ ji^. vp^-i,2(^^ j^fc^-j ^ y^^;, t) is W^'^in, R'=)-weakly continuous on [0, Tq], 
v{x,t) is L^(r2,R'^)-weakly continuous on [0,To], u{x,0) ~wn{x), v{x,0) = — /io(x) — T(u'o(x), x, O) 
and in 17 X (0,To) {^u{x,t),v{x,t)) solves 

^ix,t)+v{x,t) + T{u{x,t),x,t)^0, 

^{x,t) + A^u{x,t) - e{u{x,t),x,t) - div^E{u{x,t),x,t) ^0. 

Thus in particular ^{x,t) G (O, To; 2.2(17, M'^')) nVF^'^ (o, To; j^fc)) ^nd ^(a;,0) = /io(a;). 

Moreover, differentiating the equality v{x,t) — —^(x,t) — T{^u{x,t),x,t) by the argument t and 
inserting it into the second equation in (|4.49p we finally deduce (I4.27p . □ 



4.5 Schrodinger type nonlinear systems 

Proposition 4.4. Let f2 C 6e an open set and Tq > 0. Furthermore, let Q{a,b,x,t) : 

X X X Mi R*^ and E{a,b,x,t) : R^ x x x Rt -> R'' be measurable func- 
tions. Moreover, assume that &{a,b,x,t) and 'E.{a,b,x,t) are as a functions of the first two ar- 
guments a and b when {x,t) are fixed. We also assume that Q{a,b,x,t), VxQia,,b,x,t), 'E,{a,b,x,t) 
and Va;S(a, 6, a;, are globally Lipschitz by the first two arguments a and b, and 0(O,O,x,i) G 
L'^{M.-W^'\Vt,mJ')) andS(0,0,x,t) G (R; '^(ll, R^)) . Then for every wo{x) G '^(17, R'=) and 
ho{x) G Wo'^(f],R'=) there exists u{x,t) G L°° {0,To;Wo''^{n,R'')) nW^-'^{0,To;W-^'^{n,R'')) and 
v{x,t) G L°°(0,To;W^o'^(l],R'=)) nW^''^{0,To;W-'^-^{n,R'')), u{x,t) and v{x,t) are '^(17, R*^')- 
weakly continuous on [Q,Tq\, u{x,Q) — Wo{x), v{x,0) — ho{x) and (u{x,t),v{x,t)'j is a solution 
to 

^{x, t) - Kv{x, t) + Q{u{x, t), v{x, t),x,t)=0 m fix (0, To) , 
^{x,t)-^AMx,t)-\-E{u{x,t),v{x,t),x,t)=0 mnx{Q,To). 

Proof Let Xq := {if G W^'^{n,R'') (1 Wj^^^{n,R'') : Aip G '^(17, R*^)} endowed with the norm 

G Xo c w^'\n,R'') n w^^^{n,R'') . (4.5i) 

So Xq is a separable reflexive Banach space (in fact it is a Hilbert space). Next let Hq := Wq^'^(17, R*^) 
endowed with the standard scalar product < 0i, 02 >hxh= Jq (V(/)i(a;) : V(/<2(a:) + (/'i(a;) • (f)2{x)^dx 
(a Hilbert space) and To G C{Xo;Hq) be a trivial embedding operator from Xq C VF(}'^(f2, R'^) into 
i/o = Wo-^{n,R''). Then 7B is an injective inclusion with dense image. As before, in out notations, 

{Wo'^{n,R'')}* = Wo'\n,R''). 

Next, clearly, for every h G W^'^'^{n,R''), there exists unique Hh G Wo'^(0,R''') such that 
AHh - Hh = h. Then define So G £(l¥-i'2(f], R'^), X*) by 

(5, So ■ ^)xoxx- = { - ^^i^)) ■■ ^Hh{x) + ((A5(x) - <5(x)) • ff^(x)|dx 

V(5 G Xo, V/t G W^^'^in, R'') . (4.52) 

Then, since for every (/) G Wo'^(0,R''') there exists unique (5^ G Xo such that AcJ^ — — <p we 
deduce that 5*0 is injective inclusion (i.e. kerS'o = 0). As before, {Xo, Ho, Xo} is an evolution triple 
with the corresponding inclusion operators To G £(A"o;iTo) smd To G ^{Ho', Xo), as it was defined 
in Definition 12 . 81 bv 

{S,To-(p)j^ ^^,:^{To-S,ip) for every G iTo and (5 G . (4.53) 
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However, 

'^(x) - A5(x)) • ^(x) dx= I (5{x) - A(5(a;)) • (^HL.^ix) - Hl.^{x)^ 



dx = 

((VA)5(x) - V5(a;)) : VHl.^{x) + ({^5{x) - 6{x)) ■ Hl.^{x)Yx 

= {6, {So o L) ■ f)x„^x' ^^"^ '^'^^'^y (y5 e ffo and (5 e Xo , (4.54) 

where L £ /:(Wo '^(f], R*^), j^fe)^ jg inclusion of '^(rj, R'=) in W''^^'^{^,M.^). 

Thus plugging (j4.54p into (j4.53p we obtain 

To ■ f = So ■ {L ■ (fi) for every (p £ Ho ■ (4.55) 

Next set 



X 



|(u(x),u(x)) : : Q M^ t;(x) : 17 M'^, m(x) G Xq, w(a;) G Xoj . (4.56) 



In this space we consider the norm 



II^IU:= v/ll^llxo + IIHlL Vz = (^,z;)GX. (4.57) 
Thus X is a separable reflexive Banach space. Next set 

H := |(u(x),u(x)) : u{x) : n ^ M^ v{x) : n R'' , u{x) G Ho, v{x) G i/o} • (4.58) 
In this space we consider the scalar product 

< 2^1,22 >HxH- = < Ui,U2 >HoxH„ + < Vi,V2 >HoxHo = 

J |vMi(a;) : \7u2{x) + ui{x) ■ U2{x) + 'Vvi{x) : 'Vv2{x) + vi{x) ■ W2(2;)|(ix 

\fzi ^ {ui,vi),Z2 = {u2,V2) e H . (4.59) 
Then H is a. Hilbert space. Furthermore, consider T G C{X,H) by 

T-z^{To-u,To-v) yz^{u,v)eX. (4.60) 
Then T is an injective inclusion with dense image. Furthermore, 

X* {(u,w) : u G X*, w G X*} , (4.61) 

where 

(,5,%^^. ^ {So,ho)^^^^.+{Suhi)^^^^, WS = {So,Si)eX, yh^{hoM)&X\ (4.62) 
and 

Mx*:=(\\u\\\. + \\v\\l-^j yz = iu,v)eX*. (4.63) 



Moreover, the corresponding operator T G C{H; X*), defined as in (|2.12p . is defined by 

f-z^{fo-u,fo-v)^{So-{L-u),So-{L-v)) \/z = {u,v) e H . (4.64) 

Thus {X, H, X*} is an evolution triple with the corresponding inclusion operators T G C{X; H) and 
f G C{H] X*), as it was defined in Definition [2H 

38 



Next let Ae C{H,X*) be defined by 

A ■ z :^ So ■ {Av - v), So ■ {Au - u)j = (u, v) e H 

(i.e. {Au -u)e W-^^^{^,m.''), [Av - u) e W-^^^i^^m!')) , (4.65) 
where So is defined in (I4.52p . Then using (14.621) we deduce 



(h,A-iT-h)) ^ ^(u,So-iAv-v)) +(v,So-iAu-u)) 

.-/_{((VA„,W-V„W) :V..(., + (a„(., - „(.)) .„w}<i. 

\vAv){x) - Vv{x)^ : Vu{x) + {^Av{x) - v{x)^ ■ u{x) 



>dx = \/h={u,v)eX. 

(4.66) 

Furthermore, for t € [0,To] let Ft{z) : H ^ H he a function defined by 

Ft{z) :— ^0(u(a;, t), v{x, t), x, t) —v{x), 'E.(^u{x, t), v{x, t), x, t) +u{x)j Vz = (u, u) G , (4.67) 
(we have Q{u{x,t),v{x,t),x,t),E{u{x,t),v{x,t),x,t) e VKq '^(fJ, R*^) for a.e. t), i.e. 



Ft{z),zo 

|8(u(a;, t), v{x, t), x, t) | — Vv{x)^ : S/uo{x) + (^Q(u{x, t), v{x, t), x, i) — v{x)^ ■ uo{x) 
+ ( V2;|s(u(a;, t),v{x, t),x, i) | + Vu{x) j : Vfo(a;) + (e(^u{x, t),v{x, t), x, t) + u{x)j ■ voix) 



dx 

Vz = (u, v) e H, Vzo = (uo, t'o) e H . (4.68) 

Then 

||J^t(^)||if <C||2||H + /(i) Vzei?, VtG [0,To], (4.69) 

for some constant C > and some /(i) £ L^(0,To;M). Furthermore, it satisfies the Lipschitz 
condition 

\\ToDFt{z)\\^^^,^^,^<C Vzeff, Vi e [0,To]. (4.70) 

Moreover, since the embedding of i? = 14^^ '^(^2, R*^) in L^^^(r2,K'^) is compact, we obtain that if 
z„ ^ zo weakly in H then z„ — zq strongly in Li^^^iyi^M.^). Thus, by (|4.69p we obtain Ft(z„) ^ 
Ft{zo) weakly in H. So Ft is weak to weak continuous in H. Then all the conditions of Corollary 
13.11 satisfied and by this Corollary for every wo € Wq''^{Q,M.'') and every ho G Wo'^{n,R'') there 
exists Cit) = {u{x,t),v{x,t)) G L°°(0,ro;7J), such that ^(i) := T ■ {(it)) G W^'^{0,To; X*) and C(i) 
satisfy the following equation 

(!§{t)+A-C{t)+f-Ft{at))^0 fora.e.tG(0,ro), 
\C(0)-K(a;),/io(a:)), 

where we assume that C,{t) is iJ- weakly continuous on [0,ro], as it was stated in Corollarv l2.1l We 
can rewrite (|iTT|) as follows. Let {u{x,t),v{x,t)) = ({t). Then u{x,t) G (O, Tq; W^p '^(rj, R'^)) , 
v{x,t) G L°°(0,To; H/o'^(rj,R'=)), u(a;,t) and v{x,t) are Wq '^(17, R''')-weakly continuous on [0,To], 
w(x, 0) = wo{x), v{x, 0) = ho{x) and by (j4.55l) and the definitions of A and Ft we obtain 

- /^ix,t),So-u{x,t)\ + /s{x,t), So ■ (- Axv{x,t) + 0{u{x,t),v{x,t),x,t)^\ = 

\ /xoxXq* \ ^ ^/xoxxj 

V<5(x,i) eCi(0,ro;Xo), (4.72) 



39 



- (^{x,t),SQ ■v{x,t)\ + /s{x,t),So ■ (Axu{x,t) + ^{u{x,t),v{x,t),x,t)^\ 

= V5(x,t) eC,i(0,ro;Xo). (4.73) 

Then, by LemmaOwe obtain G L'^{Q,Tq;W~^-'^{VL,^^)) and^(x,t) G L'^{^,Tq;W~^''^(SI,^^)) 

and thus M(a;,i) e L°° (O, Tq; Wo^'^(f7, R'=))niyi'2(0, Tq; ^fc)) andz;(a;,i) G (O, Tq; '^(f], R'=))n 

VFi'2(0,To;W^-i^2(-^^]^fc)-) Moreover {u(x,t),v(x,t)) solves B3(71) . □ 

4.6 Incompressible Navier-Stokes equations and Magneto-Hydrodynamics 

Let f2 C be a domain. The initial-boundary value problem for the incompressible Navier-Stokes 
Equations is the following one, 

[i) §+div,(t;«)«) + V,p = z/,,A,w-K/ V(a:,t) G X (0,ro), 
(li) div,« = V(a;,t)Gl7x(0,ro), 
(m) = 7(a;,i) V(x, t) G x (0, To) , 

^ (w) 0) = Wo (a;) V.t G . 

Here v = v{x,t) : 17 x (0,ro) — > is an unknown velocity, p = p{x,t) : ft x (0,To) ^ M is 
an unknown pressure, associated with v, Vh > is a given constant hydrodynamical viscosity, 
/ : X {0,To) —5- is a given force field 7 = j{x,t) is a given velocity on the boundary (which 
can be nontrivial for fluid driven by its boundary) and vq : fl ^ M.^ is a given initial velocity. 

The initial-boundary value problem for the incompressible Magneto-Hydrodynamics is the fol- 
lowing one, 

(i) ^+div^{v<S)v)-diva^{b<8)b) + V^p = i'hA^v + f V{x,t) e n x {0,To) , 
(m) ^ + div^{b (giv) - div^{v (Sib) = i/m^xb V(a;, i) G ^2 x (0, To) , 
(m) div^w = V(x,t) G r2 X (0,To) , 
{iv) div^6 = V(a;,i) G f7 X (0,ro) , 

{v)v{x,t)^o y{x,t) e drt X {o,To) , (4.75) 

(vi) b-n^O V(x, t) edflx (0, To) , 

(^'") E7=i (ij-l^)". =0 V(a:,Oear!x(0,To), V* = l,2,...iV, 
(uMi) v{x, 0) = uo(a;) Vx G , 
(ix) b{x,0) — b(){x) \fxGfl. 

Here w = v{x,t) : n x (0,To) ^ is an unknown velocity, b = b{x,t) : n x (0,To) is an 

unknown magnetic field, p — p{x,t) : D, x (0,ro) — >■ R is an unknown total pressure (hydrodynam- 
ical-|- magnetic), i>h > and > are given constant hydrodynamical and magnetic viscosities, 
/ : f2 x (0, To) —7- is a given force field, vq : fl ^ is a given initial velocity, bo : ft R^ is a 
given initial magnetic field and n is a normal to dft. 

Next if for some constant A G {0, 1} we consider the system: 

' ^ + dW^{v v) - Xdw.^{b ^ b) + V^p = i^hA^v + f y{x,t) eilx (o,ro), 
II + XdWx{b(Sv) - Xdiva:{v 5) = VmA^b y{x,t) G O x (0,ro) , 
div^ v^O y{x, t) enx (0, To) , 
div:r& = \f{x,t) en X (O.To) , 

v{x,t) = j{x,t) y{xA) edQx {0,To), (4.76) 
b-n = y{x,t) £ dn X {0,To) , 



Ef=i (ij - ej". = {X/'^m){l-n)b V(.T,t) ednx (0,To), V* = 1,2,... TV, 
v{x, 0) = vq{x) Vx g , 
^6(x,0) = 6o(a;) Vxen, 
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then for A = 1 and 7 = this system will coincide with (|4.75l) . On the other hand if {v,b,p) is a 
solution to (|4.76p for A = 0, then {v,p) will be a solution to (j4.74p . 

If there exists a sufficiently regular function r — r{x,t) : fl x (OjTq) — > such that r{x,t) = 
7(0;, W{x,t) G dft X (OjTo) and div^: r = 0, then fix it and define the new unknown function 
u{x,t) := v{x,t) — r{x,t) and its initial value 1*0(2;) := vq{x) — r{x,Q). Then we can rewrite (|4.76p 
in the terms of (u, 6,p) as 

~Xb(g)b)+ V^p = Vh^a^u + f y{x, t)enx (0, To) , 
II + XdWx{b ® u - u (g) b + b (S) r ~ r b) = VmA^b V(x,t) eilx (0,To), 
div^ u = V(a;, t) e n x (0, Tq) , 
div^r b = V(a;, t) e n x (0, To) , 
< u = y{x,t) ednx (0,To) , 
b-n^O y{x,t) e dn X {0,To) , 

Ef=i {§r - ^) n, = {\/vm){r ■ n)b V(a:, t) e dil x (0, To), V* = 1, 2, . . . TV , 
u(a;, 0) — uo{x) \/x G fl , 

b{x,o) = bo{x) yxen, 

(4.77) 

where f ■— f + — dtr — div^ (r r). We will provide with the existence of solution for the system 
(|4.77p for every constant A e {0, 1}. 
We need some preliminaries. 

Definition 4.1. Let fl C be an open set. We denote: 

• By Vjv = Vn{^) the space {(p G C^{fl, M^) : div cp = 0} and by Ln = LAr(ri) the space, which 
is the closure of Vn in the space T^(f2,R^), endowed with the scalar product (^ipi,ip2)g := 

1/2 

ifi ■ ip2 dx and the norm ||iy9|| :— ( \(p\'^dx'j 

• By Vn = V;v(^^) the closure of Vat in WQ''^{fl, M^) endowed with the scalar product {^(pi, ^2)-^ '■■ 

1/2 

In (^"^i • + fi ■ f2)dx and the norm ( \'SI(p\'^dx + \(p\'^dx) 

• C,°"(n,R^) {95 : ^ : e C,°°(M^,M^) s.t. p{x) = p{x) Vx e n}. 
Furthermore, given ip G P'(J7,R^) denote 

^= If? - ^1 = (^^^) - ^ V'{n,R-x-) , (4.78) 

and define the linear space 

B'j, ^ B'j,{n) -.^ l^ip e Ln : ™i,(^eL2^1],R^x^)|, (4.79) 

endowed with the scalar product {^(^1,(^2)^, ■— Jq {^1 ■ P2 + {^/'2)Totx'Pi ■ rotx<p2) dx and the 

^ 1/2 

corresponding norm ||</?||bj^ := < ip,p >g/^ ^ . Then i?^ is a Hilbert space. Moreover, clearly 
B'j^ is continuously embedded in Wl^^{n,]&^) D Ln- We also denote a smaller space Bn — Bn{^) 
as a closure of B'j^{^l) n C^(ri,R^) in i?^(il) endowed with the norm of B'j^{fl) (clearly if the 
boundary of domain fl is sufficiently regular then Bn and B'j^ coincide). 

Proposition 4.5. For every r e L^{0,To;W^'^{n,R^)) n L°° , f £ L^{0,To; L^{fl,R^)) , g G 
i2(0,To;T2(r2,R^^^)), i^h > 0, v^. > 0, A G {0,1}, vq{-) G Ln and bo{-) G Ln there exist 
u{x,t) G i2(o,To;T/jv)nT°°(0,To;ijv) andb{x,t) G ^^(o, To; Bat) n T°°(0, To; Tjv), swc/i thatu{-,t) 
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and b{-,t) are L^-weakly continuous in t on [Q,Tq], u{x,Q) = vq{x), h{x,Qi) = 60(2^) and u{x,t) and 
b{x,t) satisfy 



To 
JQ 



(^u{x, t)^u{x, t) +r{x, t) ^u{x, t)+u{x, t) ^r{x, t) — Xb{x, t)^b{x, t) +g{x, t)j : Wxi^{x, t) 

—f{x,t)-ip{x,t)+u{x,t)-dttp{x,t)> dxdt = / / Uh'Vxu{x,t) : 'Vx'^{x,t) dxdt— vo{x)-ip{x,0) dx , 

J Jo Jn Jn 

(4.80) 

for every ^{x,t) € Cl{n x [0, Tq), R^) n ([0, Tq]; Vat) and 

J J i^x(b{x,t) <Siu{x,t) - u{x,t) ®b{x,t) +b{x,t) ®r{x,t) - r{x,t) ®b{x,t)j :Vx4>{x,t) 
+ b{x,t) ■ dt4>{x,t) > dxdt = / / ^^rotxb{x,t) : rotx(j){x,t) dxdt ~ / boix) ■ 4>{x,0) dx , (4.81) 



^ Jo Jn 

for every (j){x,t) e C^{R^ x [0,To),M^) n Ci([0,To];Bjv). I.e. 

' ^ + diYx {u^u + r(S)u + u(S)r-Xb'»b)+ V xP = Vh^xU - f - div^; g \l{x, t) € il x (0, Tq) , 
II + Adiv^(6(g)«- u(g)6 + 60r -r (8)6) = Vm^xb V(a;,t) e O x (0,To) , 
div^ u = y{x, t) Gnx (0, To) , 

divxb = o v(x,t) e x (o,ro) , 
u = o v(x,t) e arj X (o,To), 

b-n = \/ix,t) e on X {0,To) , 
rotxb ■ n = {\/vm) {r ■ n)b y{x, t) G dn x (0, To), 
u{x,0)=uo{x) VxgCI, 
b{x,0)=bo{x) yxeft, 

(4.82) 

Moreover, if either A = and fl is bounded or r{x, t) = 0, then u{x, t) and b{x, t) satisfy the energy 
inequality 

If. |2 If, ,2 r f \ |2 

- / |u(a;,r)| dx + - |6(x,t)| dx + / i'h\^xu{x,t)\ dxdt 

2 Jn 2 Jq Jq Jq 

+ I I ^^\rotxb{x,t)\'^ dxdt < I- f \vo{x)\'^ dx + ^ f \bo{x)\'^dx 
Jq Jn 2 2 Jq 

+ j j (^g{x,t) + r{x,t) ® u{x,t) + u{x,t) ® r{x,t)^ :W xu{x,t) 

+ \{b{x,t)®r{x,t)} : rotxb{x,t) - f{x,t) ■ u{x,t)j dxdt Vr e [0,To]. (4.83) 

Proof Fix i^h > 0, v„i > 0, A e {0,1}, / G (^0, Tq; ^^(o, R^)) g e ^^(o, To; L2(f], M^^^)) , 
r G L2(0,ro; W^-'^{n,W'^))r\L°°, wo(-) e Ln and 5o(-) G Lat- Next define the space U'^^ as a closure 
of Vjv with respect to the norm 

\Mu'^ ■■= Mv^ + sup \ip{x)\ + sup \Vipix)\ . (4.84) 
x^n x^n 

and the space as a closure of n C^(0,M^) with respect to the norm 

Md'^ ■■= Mbm + sup Mx)\ + sup |V^(a;)| . (4.85) 
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Then clearly U'pf and D'pj are separable Banach spaces, which, however, are not reflexive. On the 
other hand, by Lemma [2.101 there exist separable Hilbert spaces Un and Dn and bounded linear 
inclusion operators Ai G C{Un]U'^) and A2 £ £{D]y; D'j^), such that Ai and A2 are injective, the 
image of Ai is dense in U'j^ and the image of A2 is dense in B'pf On the other hand, clearly U'j^ is 
trivially embedded in Vn, and the trivial embedding operator Ii S £(f/^; Vjv) is injective and has 
dense range in Vn- Similarly, D'j^ is trivially embedded in Bjv, and the trivial embedding operator 
I2 S C{D'j^; Bn) is injective and has dense range in _Bjv- Therefore if we define 

Qi:=IioAieC{UN;VN) and Q2 := h o A2 e CiDN; Bn) , (4.86) 

then Qi and Q2 are injective and having dense ranges in Vat and Bn respectively. Next define 
Pi e C{Vn] Ln) as a trivial inclusion of Vn into and P2 G C{Bn; L^) as a trivial inclusion of 
Bpf into Lpf. Then clearly Pi and P2 are injective and having dense ranges in Ljv. Finally define 

Ti := PioQi e C{Un;Ln) and T2 P2 o Q2 e C(Dn] Ln) ■ (4.87) 

Then 7i and T2 are injective and having dense ranges in L^- Next set 

X:={(V',<^) : ^ef/jv, </^ei5w}, (4.88) 
In this spaces we consider the norm 

Mx ■■= -^JUWl, + Vx - (V-, ^)€X. (4.89) 
Thus X is a separable reflexive Banach space. Similarly set 

Z := I {il:{x),Lp{x)) : ij{x) : 17 R^, Lp{x) : 1] R^, V(a;) e Vat, <p(x) G Ba, j , (4.90) 
In this spaces we consider the norm 

Mz:^ \lurv^ + Ml^ yz = {^j,v)ez. (4.91) 

Thus Z is also a separable reflexive Banach space. Finally set 

H := I {4>{x), ip{x)) : i){x) : ^ R^, ip{x) : R^, ^'(a;) £ ^at, ^{x) G ^Arj . (4.92) 
In this space we consider the scalar product 

< hi,h2 >HxH-^< >LnxLn + < ^1,^2 >LnxLn 

= ^i^i{x) ■ ■4;2{x) + (pi{x) ■ (p2{x)^dx V/ii = (V'i,(y5i),/i2 = (V'2,'^2) e • (4.93) 

Then iJ is a Hilbert space. Furthermore, consider Q G C{X, Z) by 

Q-h^{Qi-iP,Q2-v) Vft = (V, V') e X . (4.94) 
Similarly set P G C{Z, H) by 

P-z={Pi-xl:,P2-ip) Vz = (V^, (p) e ^ , (4.95) 
and consider T G >C(X, _ff ) by 

T -h^ {Ti-^,T2-v) V/i = (1/;, (^) G X , (4.96) 
Thus clearly T = P o Q and T is an injective inclusion with dense image. Furthermore, 

X* {(V,¥') : ^ e {Un)\ V e (i^w)*} , (4.97) 
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where 



('^' '^)xxx. = ('^0' '^o)a„x(t/„)* + (^1' '^i>D„x(D„)* ^'^ = ('^0, Si) ex,yh = (ho, h{) e x* . 

(4.98) 

Thus {X, H, X*} is an evolution triple with the corresponding inclusion operators T e C{X; H) and 
f e C{H; X*), as it was defined in Definition [2H Next, let <^>{h) : Z ^ [0, +oo) be defined by 



V/i = (V',(^)eZ=(y^,Sjv) 



So the mapping D^{h) : Z ^ Z* is linear and monotone. Furthermore, for every t £ [0,To] let 
et(cr) : H (Un)* be defined by 



(7jvx((7„)* 



w{x) (g)w{x) +r{x,t) ^w{x,t) + w{x,t) ^r{x,t) - Xb{x) ^b{x) j +g{x,t)j : V{Ai ■ S}{x) dx 

+ (^f{x,t)-w{x)y{Ai-6}{x)dx ycr^{w,b)eLN(BLN^H,y5(EUN, (4.99) 
Next for every t e [0,To] let Et{a) : iJ (Dn)* be defined by 

'djvx(D«)- 

A( 6(a;) ® w{x) - w{x) 6(a;) + b{x) ® r(a;, i) - r(x, i) ® 6(a;) ) : V{A2 ■ 5}(a;) 



b{x) ■ {A2 ■ d}{x) dx Vcr ^ {w,b) e Ln ® Ln = H, yS e Dn , (4.100) 



Finally for every t G [0, Tq] let Ft(CT) : i7 ^ X* be defined by 

Ft{a) := (et(a),St((7)) Va G i/ (4.101) 
Then Ft(cr) is Gateaux differentiable at every a € H, and the derivative of i^t(o') satisfy the condition 
\\DFt{a)\\ciH;X*)<C{\\a\\H + l) Va e i/, Vt G [0, Tq] , (4.102) 
for some constant C > 0. Moreover, 



\ / xxx* \ /uNy{UN)' \ /njvx(Djv)* 

w{x) ®w{x) + r{x, t) ®'w{x,t) + w{x, t) ® r{x, t) — \b{x) ® b{x)^ + g(x, t) | : Vw{x) dx 

fix, t)-.ix)) ..(.) dx^ I x{bix)®M^)-.ix)m^Hbix)®rix, t)-rix, t)«6(.)) : V^x) dx 

b{x) ■ b{x) dx where Ai-ip, b = A2 ■ (p ^5 ^ [tp^ip) e Un S) Dn = X, Vt e [0, To] , 

(4.103) 
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Thus since w = Ai ■ 4> & U'j^ and b — A2 ■ £ D'j^ we rewrite (I4.103P as follows, 

{5,Ft{T-5))^^^^ - [ (^f{x,t)-w{x)-g{x,t):Vw{x))dx~ f (\w{x)\^ + \b{x)\^) 



dx 



{r{x, t) ® w{x) + w{x) ® r{x, t)} : V'w{x) + X{b{x) r{x, t)] : rotxb{x) j dx 
-J ■Vx\w{x)\'^ + \w{x) ■Vx\b{x)\^ -2Xb{x) - Vx^wix) ■ 6(x)) | 



dx 

where w = Ai-iP, b^ A2- If yS ^ {^/j,ip) e Un ® ^ X, yt e [0,Ta] , (4.104) 

On the other hand w{x)^ b{x) G Ln and thus divx{x^w} = divxix^^b} in the sense of distributions 
(here xn is characteristic function of the set fi). Thus the last integral in ()4.104p vanishes, and 
therefore, since r{x,t) e L°° we obtain 



(^6,Ft{T-S))^^^^^ I (^}{x,t)-w{x)-g{x,t):Vw{x))dx~ I (\^w{xf + \b{x)\^^ 



dx 



{r{x, t) ® w{x) + w{x) ® r{x, t)} : \7w{x) + X{b{x) (g) r{x, t)] : rotxb{x) j dx 



> 



-C[\\Q-S\\^+lj[\\T-d\\^+lj-n{t) where w^Ai-tA, 6 = ^2-93 VS £= {ij,ip) e X, yt e [0,Ta]. 

(4.105) 

Here /i(t) G L'^{0,To;M.) is some nonnegative function. 

Next consider the sequence of open sets such that for every j £ N, flj is compactly 

embedded in Qj+i, and U°^i^ = n. Then set Zj := L'^{nj,R^) and e £(ijv, Z^) by 

Lj ■ {h{x)) := hixyrij e L^{n^,R^) = Z^ Vh{x) e LN{n) . 

Thus, by the standard embedding theorems in the Sobolev Spaces, the operators Lj oPi £ £{VN,Zj) 
and 0P2 ^ ^{Bn , Zj) are compact for every j. Moreover, if {ct„}J^j^ C is a sequence such that 
o'n = {hn,Wn) ^ = (/iQ, wq) wcakly in H and Lj ■ /i„ Lj ■ ho and Lj ■ Wn Lj ■ wq, strongly in 
Zj as n — +00 for every j, then we have /i„ — > /iq and ?«„ — > strongly in L^Q^(f2,M^) and thus, 
by (|4.10ip and (|4.102l) we must have F4(cr„) Ft{ao) weakly in X*. 

Thus all the conditions of Theorem 133] are satisfied. Applying this Theorem we deduce that there 
exists a function /i(t) e L'^{0,To;Z) such that ^(t) :^ P-h{t) belongs to L°°(0, Tq; iJ), 7(t) ■.= f-a{t) 
belongs to W^^^^(0, Tq; X*) and h{t) is a solution to 

{^{t)+Ft{a{t))+Q*-D^{h{t))^Q fora.e.iG(0,ro), 
\a{Q)^{vo{x)M{x)), 

where we assume that a{t) is 7?- weakly continuous on [0,To] and Q* G C{Z*,X*) is the adjoint to 
Q operator. Then by the definitions of $ and Fj, h{x,t) := (^u{x,t),b{x,t)) satisfies that u{x,t) G 
L2(0,To; VW)nL°°(0,To;LAr) and b{x,t) G L2(0, Tq; Bat) n L°°(0, Tq; L^), u(-,t) and 6(-,t) are Lat- 
weakly continuous in t on [0,ro], u{x,0) = vq{x), &(x,0) = 6o(a^) and u{x,t) and b{x,t) satisfy 



To 

"'n 



(^u(a;, t)®u{x, t)+r{x, t)(g)u{x, t)+u{x, t)'»r{x, t)-Xb{x, t)®b{x, t)+g{x, t)j : Vx{Ai-ip{t)}{x) 
- f{x,t) ■ {Ai ■ ■)p{t)}{x) + u{x,t) ■ {Ai ■ dtip{t)}{x)^ dxdt 
Vh'^xuix.t) ■.\/x{Ai-^{t)]{x)dxdt~ [ vo(x) • {Ai • V(0)}(x)dx, (4.107) 



Jn 
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To 
Jfl 



for every V^i) € C^{[0,To]; Un) such that 7/;(To) = and 

+ h{x, t)- {A2- dt<j){t) ] [x) I dxdt 

= [ [ ^rot^b{x,t): rot^{A2 -(pit)} {x) dxdt- [ boix) ■ {A2 ■ (j){0)} (x) dx , (4.108) 
Jo Jn 2 

for every 0(i) G ([0, Tq]; Dat) such that (j){To) = 0. Thus since the image of Ai is dense in C7^ 
and the image of A2 is dense in I?^, we deduce that u{x,t) and b{x,t) are solutions of (|4.80p and 

(Ii:hid. 

Next by (|4.105l) and by the definition of $ we have 



XxX* 

dx 



6,Q* ■ D<i>{Q-S)+Ft{T -S) 

^i/ft|Va;w(a;)|^ + ^\rotxb{x)\^ + (^f{x,t) ■ ii;(x) - .g(a;,t) : Vw{x) 

{r{x, t) (g) w{x) + w{x) ® r{x, t)} : Vw{x) + X{b{x) (g> r{x, i)} : rot^bi^x) ^ dx 

where u; = ^1 • V', 6 = ^2 • <^ V(5 = (i/-, v) e X, Vi G [0, Tq] . (4.109) 

However, if VL is bounded then the embedding operator Pi is compact. On the other hand, either 
A = and 17 is bounded or r{x, t) = 0. Thus, by (|4.109p together with Theorem I3.5i we finahy 
deduce dMl- □ 
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